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Abstract. In the present article, wo develop the analysis of the following 
nonlinear elliptic system of equations 

If w = 0, d{w* X o j) = 

associated to each given contact triad {Q,X,J) on a contact manifold (Q,^), 
which was first introduced by Hofer IH2I . We directly work with this equation 
on the contact manifolds without involuing the symplectization process. 

We first establish local a priori W^'^ coercive estimates for all fc > 2 in 
terms of ||dto||^2, ||d'u;||^4. Equipping the punctured Riemann surface 
with a Kahler metric h on E that is cylindrical on a puncture neighborhood 
D \ {r} at each marked point r S S and the associated isothermal coordinates 
(r, t), we prove the asymptotic (subsequence) convergence to the 'spiraling' 
instantons along the 'rotating' Reeb orbit for any solution w, not necessarily 
of w*X o j being exact (i.e., allowing non-zero 'charge' a 0), with bounded 
gradient ||V«)||(jo < C and finite 7r-harmonic energy 

E(\,J:D\{0}){-i"J) = ^ / Kw\'^ < OO 

2 jD\{r} 

on D \ {r}. We also prove the exponential convergence to a Reeb orbit when 
a = and the Reeb orbit is nondegenerate. The case with non- vanishing charge 
and the Morse-Bott case will be treated in a sequel IOW2I . We do pedestrian 
tcnsorial calculations in our estimates using the contact triad connection V 
on Q and the contact Hermitian connection on the Hermitian vector bundle 
(5, dAlj, J) introduced in lOWll . Our tensor calculations also clarify the ge- 
ometry behind Hofer- Wysocki-Zehnder's coordinate calculations involved in 
their study of exponential decay estimates even for pseudoholomorphic curves 
on the symplectization of contact manifolds (or on symplectic manifolds with 
cylindrical ends). 
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1. Introduction 

A contact manifold {Q, ^) is a 2n+ 1 dimensional manifold equipped with a com- 
pletely non-integrable distribution of rank 2n, called a contact structure. Complete 
non-integrability of ^ can be expressed by the non-vanishing property 

A A (dA)" ^ 

for a one-form A which defines the distribution, i.e., ker A = Such a one-form A 
is called a contact form associated to ^. Associated to the given contact form A, we 
have the unique vector field X\ determined by 

AaJA = 1, Xx\dX = 0. 

In relation to the study of pscudo-holomorphic curves, one consider an cndonior- 
phism J : ^ — s- ^ with = —id and regard (^, J) as a complex vector bundle. In 
the presence of the contact form A, one usually considers the set of J that is com- 
patible to dX in the sense that the bilinear form = dA(-, J-) defines a Hermitian 
vector bundle (^, J,g^) on Q. We call a triple (Q, A, J) a contact triad. 

Motivated by the already well-established Gromov's theory of pseudoholomor- 
phic curves, in his study of Weinstein's conjecture in 3 dimension for over-twisted 
contact structure, Hofer |H1| (and others follow) studied pseudoholomorphic curves 
in the symplectization W = R+ x Q with symplectic form oj = d{rX) or in K. x Q 
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with = d{e/X) with r = with cyhndrical almost complex structure given by 



A map w : (S, j) — > W is J-holomorphic if and only if its components a = s o u 
and w = TT ou satisfy the equation 



Because of the factor R which is noncompact, the relevant analysis becomes some- 
what subtle to deal with the noncompactness of symplectization. (See jHWZH 
IHWZ2| for the relevant elliptic estimates in the symplectization of the triad {Q, A, J) 
in 3-dimension.) 

Hofer-Wysocki-Zehnder jHWZli IHWZ2| derived exponential decay estimates of 
proper pseudoholomorphic curves in symplectization by bruit force coordinate cal- 
culations which largely rely on a choice of some special coordinates around the 
given Reeb orbit and involve quite complex coordinate calculations. Bourgeois 
jBol IBEHWZ] amplified similar coordinate calculations for the case of Morse-Bott 
with even bigger complexity. In addition, their higher order exponential estimates 
is somewhat unsatisfying in that they use C°° decay (or rather decay) from 
the beginning to prove the exponential convergence. As a result, their C°°- 
exponential convergence proof does not entirely follow the standard bootstrap argu- 
ment type. There also appeared several zero-order operators in their derivations 
whose geometric meanings were not clear to the authors. Our attempt to improve 
the presentation of this decay estimate and to understand the geometric meaning 
of these operators in the tensorial language was the starting point of the research 
performed in the present paper and jOWlj . jOW2| . 

For each given triad structure (Q, A, J), we equip Q with the triad metric 



and decompose d^w := ndw = d'^w + d w for the map w : S — > Q with J-linear 
and anti- J-linear part of the derivative dw as a w* ^-valued one- forms on S. 

We start with the maps w satisfying just d w ^ 0, which is a nonlinear degen- 
erate elliptic equation. 

Definition 1.1 (Contact Cauchy-Riemann map). Let (Q,A, J) be a contact triad 
and let (S,j) be a Riemann surface. We call any map w : T, ^ Q a contact 
Cauchy-Riemann map if it satisfies d w = 0. 

In |0W1| . we introduced a canonical connection, called the contact triad con- 
nection, on each contact triad {Q,X,J). Using the tensor calculus based on this 
connection, we establish the analysis of the contact Cauchy-Riemann maps in the 
present paper and in a sequel jOW2| . 

We denote by V the contact triad connection on Q and the contact Hermit- 
ian connection on the Hermitian vector bundle (^,dA|^, J) introduced in jOWl) . 
Various symmetry properties carried by the connections V and enable us to 
derive the following precise formulae concerning the second covariant differential 
of w and the Laplacian of the 7r-harmonic energy density function for any contact 
Cauchy-Riemann map w. 



J=JoQ)J, TW9iRl — \s) R{Xx} © e 





(1.1) 



g = dX{-, J-) + A® A 
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Theorem 1.2 (Fundamental equation). Let w be a contact Cauchy-Riemann map. 
Then 

We define the ^-component of the standard harmonic energy density function by 
Definition 1.3. For any smooth map w : S — > Q, 



E(x,j){w,j) = 




and call it the 7r-harmonic energy of a smooth map. 

Theorem 1.4. Let w be a contact Cauchy-Riemann map. Then 

^Ae"" = -~\V''{d''w)\^ ~25{*d^'d''w,*d''w) +2\d^'d''w\^ 

-{K''{dw,dw)d''w,d''w) ~ Rld^wl^ 

where R is the Gaussian curvature of the given Kahler metric h on (S, j) and K'^ 
is the curvature tensor of the contact Hermitian connection . 

It turns out that to establish the geometric analysis necessary for the study of 

— 7r 

associated moduli space, one needs to augment the equation d w = by 

d(w*Aoj) = 0. (1.2) 

Definition 1.5 (Contact instanton). Let S be as above. We call a pair {j,w) of j 
a complex structure on S and a map u; : S — >■ Q a contact instanton if they satisfy 

Fui = 0, d{w*Xoj)^0. (1.3) 

We would like to point out that the system (|1.3p (for a fixed j) forms an elliptic 
system, which is a natural elliptic twisting of the Cauchy-Riemann equation d w = 
then. (We refer to |0h2j for the elaboration of this point of view.) 

In hindsight, the more common twisting oi d w ^ Q initiated by Hofer jHlj 
has been the twisting to the pseudoholomorphic curve system (jl.ip of the pair 
{a,w) through the symplectization, when w*Xoj is assumed to be exact, where 
a : E K is an auxiliary potnetial function satisfying w*Xo j = da. In this regard, 
the twisting (jl.Sp may be more natural in that it does not introduce additional 
auxiliary variable a, which is demonstrated by the a priori elliptic estimates and 
the exponential convergence results near the punctures established in this paper 
and sequels [0W2] . pl2] . 

Another point which may be worthwhile to point out is that while the first part of 
the equation involves the first derivatives, the second part of the equation involves 
the second derivatives. Therefore it is not enough to have W^'^ a priori estimate to 
get a classical solution out of a weak solution, and hence establishing at least W^'^ 
coercive estimate is crucial to start the bootstrapping arguments. 

Then we first establish the following a priori M^^'^ -estimates for such a map. 
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Theorem 1.6. Let be a closed Riemann surface. Suppose w satisfies (|1.3|) 

on E and \dw\ G L"^ O L'^ on E. Then 

^ \Vdw\' < lid + l)\\d-w\\l, - 2mini?||a-z«||i.,,pp^, + lc!\\w*\\\l4d-w\\ 

+2ma^\K^\ {\\w* \\\l4d^ w\\l, + ||5"u;||i4) . 

Here K'^ is the curvature of , R the Gaussian curvature of the metric h on T, 
and 

Ci = \\CxxJ\\c°- 

An immediate corollary of this theorem and the standard interpolation inequality 
of the L^'-norms is the following M^^'^-coercive estimates. 

Corollary 1.7. Let S and w be as above. Suppose w satisfies (jl.3p on E and 

\dw\ E L'^ n L^ on E. Then there exist uniform constants C3, C4 depending only on 
\\K'^\\(jo, ||i?||f;o and ||£xa'^IIc'' ^'^^ independent of w such that 

\\dw\\l,^,2 <C3\\dw\\l,+Ci\\dw\\l.. 

We also need to have the following local version of the main estimates which is 
an important ingredient for the local regularity and the bubbling-ofF analysis. 

Theorem 1.8. Let D = -D^(l) be the unit disc and let D' <Z D C D be another 
smaller disc. Then there exists e > such that if w : D ^ Q is a smooth map 
satisfying d w — and d(w* X o j) = 0, and E(^\ j-^(w) < e, 

l|c^";|li,2;D' < C5\\dw\\ij) + CeWdwWljj 

for some constants C5, Cg which depend only on \\K'^\\c«, \\R\\c" md WCxxJWc ■ 

For the punctured Riemann surface E, one need to put suitable asymptotic 
conditions in terms of the cylindrical metric and its associated isothemal coordinates 
denoted by (r, t). For this purpose, we need to impose asymptotic convergence 
behavior of the following L^-integral function 

f{T)^\j^y^w\\T,t)dt (1.4) 

and the one-form w*\ = aidr + 0-2 dt, besides requiring \d'^w\ e n L'^. 

Theorem 1.9. Let (E, 7) be a closed Riemann surface with a finite number of 
marked points {ri, • • • , r^}. Denote by E the associated punctured Riemann surface 
with a Kdhler metric h on (E,j) which is cylindrical near the puncture. Let fi be 
the function defined as above associated to the £-th puncture rg. Suppose w satisfies 
(HSl) on E and {d^'wl e L^ f] L'^ and \w*X\ e C" on t 

lim oi = a, lim 02 = T 

lim fiir) = 0, lim /;(t) = (1.5) 

for all i ~ 1^ • • ■ ^k. Then 

I |Vd«;p < + l)||a-«;|li.-2mini?||a-Hli-.uppfl>|^^?ll"'*A||^„||a-H 

+2max|i^"| {\\w*\\\loWw\\l2 + Ww\\l,) . 
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Here is the curvature ofV^, R the Gaussian curvature of the metric h on T, 
and 

Ci = \\i^XxJ\\c°- 

We would like to remark that the asymptotic boundary conditions imposed in 
this theorem will be also established in part [2] under the Hypothesis 16.21 together 
with nondegeneracy of the asymptotic Reeb orbits obtained from subsequence con- 
vergence theorem, Theorem l6.3l 

Once this W^'^-estimate is proved, further differentiations of Vdw and inductive 
alternating bootstrappoing give rise to the all the higher regularity estimates too. 
We just state the more nontrivial punctured case here. 

Theorem 1.10. Let and w be as above Then if w satisfies (|1.3p on E and 

Id^'wl e n L-* and \w*X\ € C" on t, and (|8lli)) . then 

/ |(Vf < [ 4{d-w,w*X). 
Jt Jt 

Here J'^.^i a polynomial function of the norms of the covariant derivatives ofd^w, w*X 
up to 0^ ... ,k with degree at most 2fc + 4 whose coefficients depend on 

\\R\\c.A\K''\\c^A\Cx,J\\c>', \\w*\\\co- 

In particular, 

\\dw\\wk+i,2 < Cki\\dw\\L2, \\dw\\n) 
for a similar polynomial function Ck ~ Ck{s,t). 
The local version of the estimate also holds. 

Theorem 1.11. Let D = D'^{1) be the unit disc. There exist Cs-k, Ce-.k > 

depending only on D' a d' <Z D and on \\K'^\\Qk, WCx^JWc'' '^'^^ II-R|Ic'';D ^'^^ 
independent of w such that for any smooth map w : D ^ Q satisfying 

d^w~Q, d{w*Xoj)—0^ 

\\dw\\k+1^2;D' < C'fc;D,I3'(||(iw||2;_D, ||rfw||4:D) 

for a polynomial function Ck-D.D' {s, t) of s, t up to 0, . . . , k of degree at most 2k + 
4 depending also on D' , D. In particular, any weak solution of ()1.3p in W^''^ 
automatically becomes a classical solution of (jl.Sp . 

We refer to Theorem 18.41 and 15.81 and discussions around them for further ex- 
pounding of these estimates. 

Next, we examine the behavior of the contact instanton map near each punc- 
ture of a punctured Riemann surface. In this regard, it is crucial to prove some 
asymptotic convergence result to a closed Reeb orbit under a suitable finite energy 
hypothesis. For this purpose, we prove the following convergence result. We refer 
readers to Theorem 16.31 for more precise statements. 

Theorem 1.12. Let w be any contact instanton on [0, oo) x with finite tt- 
harmonic energy 

E^'iw):^]- Id'^wp < oo, ||dw||cO;[o,oo)xsi < oo. (1.6) 

^ J[0,oo)xSi 
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Then for any sequence Tk — )• oo, there exists a subsequence, still denoted by Tk, and 
a massless instanton Woo(T,t) = j{aT + T t) (i.e., E^{woo) = 0) on the cylinder 
M. X along a closed Reeb orbit 7 with period T such that 

lim w{Tk+T,t-)^Woo (t, t) 

uniformly on [—A', K] x for any given K > 0, where ^ is a T -periodic orbit of 
Xx . Here T and a are determined by 

T = / \d'^w\^+ I u;(0,-)*A (1.7) 

a := - f w{0,r^oj= [ x(^{0,t))dt. (1.8) 



51 



In particular, when a ~ 0, the limiting instanton Wao is translation invariant and 
so WooiT,t) = j(Tt), and the convergence is uniform and exponentially fast. 

In the context of symplectization, which roughly corresponds to the exact case 
of a = 0, this subsequence convergence theorem can be derived from Hofer's subse- 
quence convergence resuh proved in |H1| . 

When (7,T) is a nondegenerate Reeb orbit, the hmit z does not depend on 
the choice of subsequence and the convergence is exponentiaUy fast, we also estab- 
lish exponential decay estimates for the nondegenerate limiting Reeb orbit (and its 
Morse-Bott analog in a sequel [O W2j ) . whose proof is essentially different from that 
of |HWZ11 IHWZ2| . even for the exact context. Our proof follows canonical pedes- 
trian tensorial calculations associated to the pair of connections, although it requires 
some ingenuity of combinatorics of tensor calculations. Our tensor calculations 
also clarify the geometry behind Hofer-Wysocki-Zehnder's coordinate calculations 
involved in their study of exponential decay estimates even for the pseudoholo- 
morphic curves on the symplectization of contact manifolds (or on the symplectic 
manifolds with cylindrical ends). We would like to recall that this on-shell expo- 
nential decay estimate is one of the crucial analytical ingredients in setting up the 
off-shell functional analytic framework for the study of moduli space of contact 
instantons on the punctured Riemann surfaces residing in the contact manifold Q. 

As for the methodology of the proof of exponential convergence, one could 
say that Hofcr-Wysocki-Zchnder's derivation of exponential decay estimates is the 
second-order method while ours is the third-order one in that the former relies on 
the study of the second derivative of the integral 



HT,-)\^dt 



yayi , -/^ ' 

'Si 

through coordinate calculation using special coordinates for w = (0, u) e 5^ x M 
while ours relies on the study of the second derivative of the canonical integral 



Id'^wl^dt 



si 



through the invariant tensorial calculation using the special connections. We are 
very keen to make our C'^-exponential estimates (for fc > 1) use only C''^^- 
exponential estimates and the standard bootstrap argument. For this purpose, 
we need to derive a precise geometric formula of the Laplacian of the energy den- 
sity function and the second covariant differential of w. We also perform several 
times of integration by parts which though require some ingenuity in combinatorics 
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of tensor calculations, will remove all the second order derivative terms of the map 
w after integrating over t G S^. 

Further systematic study of the moduli space of contact instantons in the point 
of view of gauged sigma model is given in |0h2j . 

Some historical recount on the equation (|1.3p should be in order. After the 
original version of the present paper was posted in the arXiv e-print, we were 
informed that the equation (|1.3p was first mentioned by Hofer in p. 698 of |H2) . 
Hofer also described its possible usage in the following form 



for a given smooth harmonic one-form 7 defined on the closed Riemann surface 
S smoothly extending across the punctures. (See also [AC H ). In the language 
of the current paper, the second part of the equation forces any w arising from a 
finite TT-energy solution thereof will have vanishing 'charge ' at the puncture where 
the charge is given by 



in the notation of current paper: any solution to their equation hence does not 
have spiral along the limiting Reeb orbit. The same form of the equation was also 
used by Abbas |Abj to prove some existence result in relation to the open book 
decomposition in 3 dimension and seems to be a useful restriction for the purpose 
of exponential convergence result near the punctures. (See section [6] and [TT] for 
relevant discussion, especially Remark 16.51 ) 

Acknowledgements: We thank Erkao Bao and Jie Zhao for many helpful 
discussions during the research performed in the present paper. The younger author 
also thanks Professor Sigurd Angenent and Xiuxiong Chen for listening to the 
presentation of this paper and valuable suggestions. She also thanks Bing Wang 
and Yuanqi Wang for many helpful discussions. We also like to thank Helmut Hofer 
and Casim Abbas for alerting the papers |H2| . |ACHj and }Ab| after the original 
version of the present paper was posted in the arXiv e-print. 

2. Contact triad connection and contact Hermitian connection 

In this section, we recall the basic properties of the contact triad connection 
and the definition of the associated contact Hermitian connection of the Hermitian 
vector bundle (C^c^AI^, J). 

Theorem 2.1 (Contact triad connection |0W1| ). Let {Q, A, J) be any contact triad 
of contact manifold (Q,^). Denote by 



the natural Riemannian metric on Q induced by (A, J), which we call a contact 
triad metric. Then there exists a unique affine connection V that has the following 
properties: 




d^w = 
w*Xo j — da + J 




g^ + X(g) X=: g 



(1) V is a Riemannian connection of the triad metric. 

(2) The torsion tensor ofV satisfies T{X\, Y) = for all Y e TQ. 

(3) Vx.^A = and VyXx G ^ for F e ^ 
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(4) := 7rV|^ defines a Hermitian connection of the vector bundle ^ ^ Q 
with Hermitian structure (c?A|j, J). 

(5) The ^ projection of the torsion T , denoted by := ttT satisfies the follow- 
ing properties: 

T''{JY,Y) = Q (2.1) 

for all Y tangent to ^. 

(6) ForYe^, 

a^^A = ^(Vy^A - JVjyX^) = 0. 
We call V the contact triad connection. 

We would like to note that Axioms (4) and (5) are nothing but the properties of 
canonical connection on the tangent bundle of the (non-Hausdorff) almost Kahler 
manifold (Q, dX, J^) of the leaf space of Recb foliation of the contact form A lifted to 
^. (As in the almost Kahler case |Ko| . vanishing of (1, l)-component automatically 
gives rise to the vanishing of (2, 0)-component of T. So in the presence of other 
axioms, Axiom (5) is equivalent to saying that T is of (0, 2)-type. We refer to 
[OWI] for the details.) 

On the other hand, Axioms (1), (2), (3) indicate this connection behaves like the 
Levi-Civita connection when the Reeb direction Xx get involved. Axiom (6) is an 
extra condition to connect the information in ^ part and X\ part, which is used to 
dramatically simplify our tensor calculations in the present paper (see Proposition 
m. 

The contact triad connection V canonically induces a Hermitian connection for 
the Hermitian vector bundle (^, J,g^) with g^ ~ dX{-, J-)\^. Wc denote this vector 
bundle connection by and call it the contact Hermitian connection. 

The following fundamental property of contact triad connection was proved in 
[OWlj . which is one property, together with J- linearity of connection V on ^ and 
its torsion property of being (0, 2)-type, that greatly simplifies our tensorial calcu- 
lations performed in the present paper. 

Proposition 2.2 (Proposition 6.11 |0W1] ). Let\/ be the contact triad connection. 
Then 

\/YXx = liCx,J)JY 

for any vector field Y on Q. 

Part 1. A priori estimates and asymptotic convergence 

In this part, we illustrate the effectiveness of the contact triad connection and 
its associated contact Hermitian connection in the tensorial calculations of the 
Laplacian of the ^-component of the harmonic energy density functions. This com- 
putation is one of the essential steps of obtaining various a priori estimates needed 
in the study of regularity and compactness properties of solutions of geometric par- 
tial differential equations. We also derive an optimal form of the second covariant 
differentials of contact Cauchy-Riemann maps which we call the fundamental equa- 
tion, and establish the basic asymptotic subsequence convergence to closed Reeb 
orbits at each puncture of punctured Riemann surface S. 

Using this optimal form of the second derivative and the study of perturba- 
tion results of eigenvalues, we carry out the inductive bootstrapping argument of 
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deriving the C°°-exponcntial estimates starting from the bound of w and the 
subsequence asymptotie convergenee to a Reeb orbit in Part [2l 

3. Linearization operator of Reeb orbits 

Now we would hke to study the hnearization of the equation x ~ X\ (x) along a 
closed Reeb orbit. The materials in this section are mostly standard and well-known 
results in contact geometry. See Appendix |ABW| for the exposition that is the 
closest to the one given in this section. Since our systematic usage of contact triad 
connection in the exposition gives rise to some explicit useful formulae occurring in 
this study which will be also important in our proof of exponential convergence, we 
provide precise statements and details of proofs of the results that will be relevant 
to the study of later sections. 

Let 7 be a closed Reeb orbit of period T > 0. In other words, 7 : K — > Q is a 
periodic solution of 7 = X\{'-f) with period T, thus satisfying j{T) = 7(0). 

Denote the Reeb flow 0* := (p^^ of the Reeb vector field X\, we can write 
7(i) = (/)*(7(0)). In particular p 7(0) is a fixed point of the diffeomorphism (j)^ 
when 7 is a closed Reeb orbit of period T. We will call the pair (T, z) a Reeb orbit 
of period T instead for a such closed orbit 7 of period T by writing z{t) ~ l{Tt) 
for a loop parameteriezed over the unit interval = [0,1]/ ~. Since Cx^^ = 0; 
the contact diffeomorphism (jp" canonically induces the isomorphism 

which is the linearized Poincare return map 0^ restricted to via the splitting 

Definition 3.1. We say a Reeb orbit with period T, (T, z), is nondegenerate if the 
linearized return map z '■ ^ with p = z{0) has no eigenvalue 1. 

Denote Cont((5, ^) the set of contact one-forms with respect to the contact struc- 
ture ^ and C{Q) = C°°(S'\ g) the space of loops z : = M/Z ^ Q. 

Let C^''^{Q) be the M^^'^-completion of C{Q). We would like to consider some 
Banach vector bundle C over the Banach manifold (0,oo) x C^''^{Q) x Cont((5,^) 
whose fiber at (T, z. A) is given by L^{z*TQ). We consider the assignment 

T:(r,z,A)K>i-TXA(z) 

which is a section of C. Then {T,z,X) G T^^(O) if and only if there exists some 
Reeb orbit 7 : R — >■ Q with period T, such that z{-) = 7(T-). 

We also denote DXx ■ — > ^°{£.) the covariant derivative of X\ induced 
from the contact triad connection V to highlight its aspect as a linear operator, 
whenever we feel convenient. The following derivation of the linearization of T is 
a routine exercise. (See Appendix |ABWj for a formula that is close to the current 
form.) Since it is not essential to our purpose in this paper, we omit its derivation 
only by stating the final result. 

Lemma 3.2. For any torsion free connection, 

d{T, z, A)T(a, Y,B) = ^- TDXx{z){Y) - aX^ - TS^X^iB), 
at 

where a <E M., Y e T^C^-'^iQ) = W^-^{z*TQ), B e TxCont{Q,^) and the last term 
6\Xx is some linear operator. 
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We remark that the contact triad connection we use this paper is not torsion- 
free. However, when (T, z, A) G T~^(0), i.e., z{-) = ^{T-) for some 7 which is a 
Reeb orbit with period T with respect to contact one-form A, the torsion Axiom 
(2) in Definition 12.11 is aheady enough to derive Lemma 13.21 From now on, we 
use the contact triad connection through out this section. We recah the readers 
that the hnearization at (T, z, A) G T^^(O) actually doesn't depend of the choice of 
connections. 

In this paper we only need to look at the linearization restricted to subspace 
W^'^{z*S,) for fixed (T, A). Denote the corresponding operator by 

TT,A = T(r,.,A). 

We have the following characterization of the nondegeneracy condition. 

Proposition 3.3. A closed Reeb orbit 7 with period T is nondegenerate if and only 
if the ^ projection of the linearization restricted to W^''^{z*^), i.e., 

d^TrMw^^Hz-o ^rf.TT.Aki.2(..4) : W^-^{z*0 ^ L\z*0 

is surjective, where z{-) := 7(T-) : ^ Q. 

The rest of the section will be occupied by the proof of this proposition. 
From Lemma [321 and Proposition 12.21 we compute 

ci:TT.Aki.^(.*i)(C) = 7T^-T-nDXx{zm 



dt 

D^C T 



dt 2 

Since from Axiom (3) of Definition 12. ll the image of d^T^ \ \w'^-^{z*^) automatically 
ine 

Lemma 3.4. Let DX\{z) — V(.)Xa : z*TQ — > z*TQ be the covariant derivative 
of Xx with respect to the pull-back connection z*V of the contact triad connection. 
Consider a Reeb orbit {T,z) i.e., a map z : ^ Q satisfying z = TX\{z) with 
z{l) = z{0). Then 

DXx{z)iY) = ^iCx,Jiz))Jiz)Y 
for any section Y G fl'^{z*TQ). 
Proof. By definition, we have 

DXx{z){Y) = VyXx 

and then apply Proposition [2?2l which proves the equality. □ 

We recall the following symmetry property from |0W1| . 

Lemma 3.5 (Lemma 6.2 [Bl], Lemma 5.2 |0W1| ). Both {CxxJ)J o,''^d Cx^J 
pointwise symmetric with respect to the triad metric of{Q,\,J). 

Combining the above discussion, we have derived 

Proposition 3.6. The linear operator 

JdlTr.x = - DX^iz)^ =J^- ■■ L'{z*0 "> L\z*0 

is a self-adjoint operator. In particular, we obtain 

IndexdJTT,A = Index JdJTT,A = 0. (3.1) 
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Finally we arc ready to prove the above analytic characterization of the non- 
degeneracy. By Proposition 13.61 the surjectivity of d^Tr.x is equivalent to the 
injectivity of the operator. In fact, we prove the following characterization of ker- 
nel elements of the linearization map d^Tx^x in terms of the eigenvectors of the 
linear map : ^ where = dcfx^ {p)\^^. 

Proposition 3.7. Let p = z{0) be a fixed point of (fP^ : Q ^ Q lying in the given 
Reeb orbit {T,z). Then there exists a one-one correspondence 

ve^p^ir, r]{t) ■.= dcf>'^{v), te[0,i] 

between the set of eigenvectors v of'^^ = d^^j^^ • Cp ~^ 'Cp with eigenvalue 1 and 
the set of solutions rj to ^ — ■^{CxxJ)v = 0. 

Proof. Recall that any closed Reeb orbit of period T has the form z{t) = (j)*'^{p) 
for a fixed point p of 0*"^. 

Suppose ?7 is a solution to = d^TT,\{i]) = ^ — ^{^XxJ)Jv- We consider the 
one-parameter family 

v{t) = {dcf>'^)-\^{t)) 
of tangent vectors a.t p E Q, and so ri{t) = dcj)^'^ {v{t)). We compute Wtri{t) by 
considering the map T(s, t) — (j)^'^(a(s, t)) such that a(0, t) = p and 4- a(s, t) — 
v{t) . Then we compute 



and so 



OS 



dc 



dV 



s=0 



— j, —{s,t)=TX^ins,t)) + , 

DdT _ D dV 
dt ds s=o ds dt 

T^{x,iris,t)) 

ds 

T^{x,{r{s,t)) 

ds 

T^^{x,{r{s,t)) 



da , 



s=0 



s=0 



d0 



tT 



D 

ds 

D da 
dt ds 



da , , 
=0 dt 



s=0 



{s,t) 



s=0 



dcj,*^ {v'{t)) . 



Here the second and the fourth equalities follow from the torsion property of the 
triad connection 



r(d,/)"«(i),X;,(<^"(p)) = o 



fdr 




dT 




\ dt 


s=0 


ds 


s=0 / 



The first term of the farthest right becomes 

T^{X;,{T{s,t)) 
ds 

Therefore we have derived 



= 0. 



by the hypothesis that 77 satisfies the equation — ^{CxxJ)Jti = 0. Therefore 
we have 

i;(l)=«(O),i.e.,(d0^)-i(77(l))-r?(O). 
Since 77(0) = 77(1), it implies that Jrj{0) is an eigenvector of eigenvalue 1 if 77(0) 7^ 0. 
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Conversely suppose that v is an eigenvector of (j> : — )• ^p. Then the above 
computation of v' apphed to constant function v(t) = v proves that the vector field 
1 1— ?► d(j)^'^{v) satisfies V7?7 — -j{£xxJ)Jv — 0- This finishes the proof. □ 

This proposition in particular finishes the proof of the statement that d^TT.x\w^'^{z-'^) 
is surjective if and only if '^^ = d(j)^\^ has an eigenvalue 1 and so finish the proof 
of Proposition [331 

4. TeNSORIAL calculations FOR GEOMETRIC ENERGY DENSITY FUNCTION 

From this section, we will use the contact Hermitian connection for the 
hermitian bundle ^ over Q and the triad connection V on Q to do the calculation. 
First, we combine the pull-back connection on w*£,, again denoted by V^, and the 
Hermitian connection of the Riemann surface /i). We get a connection on 

r*I] (g) w*$, which we stiU denoted by V. 

Fix a Kahler metric h on The norm \dw\ of the map 

dw : {TT.,h) ^ {TQ,g) 
with respect to the metric g is defined by 

2 

\dw\l :=^M^eO|^, 

where {ei, 62} is an orthonormal frame of TS with respect to h. 

The following off-shell formulae are immediate consequences of the compatibility 
of J to d\ on ^. 

Proposition 4.1. Denote gj = dX{-, J-)\^ and the associated norm by \ ■ \ = \ ■ \ j. 

Fix a Hermitian metric h of (S, j), and consider a smooth map u : S — > M. Then 
we have 

(1) Id-'w]^ = |9'^it;|2 + \d"w\'\ 

(2) 2w*d\ = (— 1(? + \d'^w\'^) dA where dA is the area form of the metric 
h on E. 

(3) w*X A w*\ o j = -|u)*Ap dA 

(4) |Vw*A|2 = \dw*X\^ + \Sw*X\^. 

In particular, if d w = 0, then 

Id-'w]^ = \d''w\^, w*d\ = ^\d''w\'^dA (4.1) 

Proof. The proofs of (1), (2) are exactly the same as the case of pseudoholomorphic 
maps in symplectic manifolds with replacement of dw by d^w and the symplectic 
form by dX and so omitted. (See e.g.. Proposition 7.19 jOhlj for the statements 
and their proofs in the symplectic case corresponding the statements (1), (2) here.) 
Statement (3) follows from the identity w*Xoj = — *w*X and by definition of the 
Hodge star operator, and then (4) is nothing but the Garding's equality. □ 

We denote by d^ the skew-symmetrization of covariant derivative given by 

d^"(a)(a,6) = (Vf,a)(6) - (Vf,a)(6) 

where ^1, 6 e TE. 
It defines an operator 

d^" : n\w*o ^ r!"(u.*e)- 
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We denote by 

the Hodge Laplacian acting on one-forms, where 5'^ is the formal adjoint of . 
Then we have the following Weitzenbock formula 

A'^l3 = {V'yV'' (3 + Rdw + K"" {dw,dw)l3 (4.2) 

in general where R is the Gaussian curvature of the surface (S, and K'" is the 
curvature of the connection V" on the vector bundle ^ — > Q. 

On the flat cylinder, we have i? = 0, and so the equation further simplifies to 

A'^/? = (V'')*V''/3 + K^'idw, dw)l3. 

In the remaining section, considering j3 = d'"w := 'kOw as a one-form in ^^(w*TQ), 
we will compute /SJ' {d'^w) for a contact Cauchy-Riemann map, i.e., a map satisfying 
d w ~Q. 

We start with the following lemma. Recall we denote by H : TQ — > TQ the 
idempotent associated to the projection tt : TQ — > ^, i.e., the endomorphism satis- 
fying 

h2 = H, Imn = C, kcrn = R{XA}. 

Lemma 4.2. Let w :Yi ^ Q he any smooth map. Denote d'"w ~ irdw £ fl^{w*£,). 
As a two-form with value in w*£,, d^ [d'^w) has the expression 

d^^{d''w)=T''{Udw,ndw)+w*XA (^^{Cx^J)Jd''w^ (4.3) 

where T is the torsion tensor of V . 
Proof. For given ^i, ^2 G r(rE). we evaluate 
d^'(d^z/;)(a,6) = d^\^dw){^u^2) 

= {Vli^dwii^)) - Trdw{V^,i2)) - {yiiTTdwiC,)) - ndw (V^.a)) 

-dw (v^,6-Ve,6)) 

= ^(Ve,(d«;(6)) - V^,(du;(ei)) - [di«(Ci),d«;(6)]) 

-V^,{Kdw{^2))X,.)+V^AKdw{^i))Xx)) 
= n{T{dw{^,),dw{^2)) - \idwi^2))y^,X^ - (,[X{dw{(2))]Xx 

+X{dwiCi))V^,Xx+UKdw{^i))]Xx) 
= 7riT{dw{^i),dw{^2))) - X{dwi^2))'^^,Xx + Xidwi^,))V^,Xx 
= T"(Hd«;(a),ndu;(6)) 

+ ]^X{dw{i2))J{CxJ)irdw{^i) - ]^X{dw{ii))J{CxJ)Trdw[^2) 
= T^mw{^i),ndw{i2)) 

-^X{dw{^2)){Cx,J)Jndw{^,) + ^X{dw{^i)){Cx,J)Jndw{^2) 
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Here for the last second equality, we use Proposition 12.21 and Axiom (3) for this 
connection. We rewrite the above result as 

d^'id^'w) ::^T''{Udw,Udw) +w*XA (^^{Cx^J)Jd''w 

for any w. We have finished the proof. □ 
Now let w be a solution to 

¥w = 0. (4.4) 

Then we have 

d'^w = d'^w 

Jd'^w = d'^woj. (4.5) 

As an immediate corollary of the previous lemma applied to the solution ly, 
we derive the following theorem of the fundamental equation. This is the contact 
analog to |Ohll Proposition 7.27]. 

Theorem 4.3 (Fundamental equation). Let w be a contact Cauchy-Riemann map, 
i.e., a solution of (|4.4p . Then 

d^^d'w) ^ d^'id^'w) 

= -w*XojA(^^{£x,J)d^wy (4.6) 

Proof. The first equality follows since d'^w = d'^w for the solution w. Also, it 
follows 

T''indw,Udw) = T''{d''w,d''w) = 

since the torsion T'^\^ is of (0, 2)-type, in particular, has vanishing (1, l)-component. 
Further we write (14.31) as 



d^\d''w) = w*XA (^^{Cx,J)Jd''w 

= w*XA(^^{Cx,J)d^w^ oj 

= -w*XojA(^^{Cx,J)d^w 

where we use the identity Jd^w = d^w o j. This finishes the proof. □ 
Now we compute 

A^'id^'w) ^ S^^d^^{d''w)+d^^S^^{d''w). 
Recall the Hodge dual formula for dimension 2 spaces 

6^' = -* d^' * . 

We have the following lemma which can greatly simplify our calculation of deriving 
the energy density formulae. This lemma is an interpretation of the metric property 
of the connection for forms. We postpone its proof till the appendix. Section [HI 

Lemma 4.4. Assume a is a zero-form in QP{'w*£,) and j3 is a one-form in ^^(w*£^). 
(•, •) is the inner production on w*^ introduced from the metric of Q. Then we have 

(d^'a,/3)-(a,J^>) = -<5(a,/3). 
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The following lemma is another useful formula whose proof is a straightforward 
calculation and will be given in the appendix. 

Lemma 4.5. For any connection V and vector-valued one-form a, 

|Vap = \d^a\^ + |(5^ap - *(Va A Vj(.)a). 
In the cylindrical coordinates, it has the expression 

|Vap = |d^ap + |,5^«|2 + 2(V,ry,VtC) -2(Vtr;,V,C). 

We would like to point out that the last term *{Wa A Vj(.)Q;) vanishes for real 
valued (or any line bundle valued) forms but does not for general higher rank vector 
bundle valued forms. 

Before we use these formulae to compute {A'^d^w, d^w) , we first state the 
following lemma which is due to (j4.5p and J-compatibility of the metric. We also 
remark that this lemma holds only for the connection V" which is J-linear. 

Lemma 4.6. For any smooth map w, we have 

{d^'5'^'d''w,d''w) = {5^'d^'d''w,d''w). 

As a consequence, 

{A'^d'^w, d'^w) = 2{5^^ d"^^ d^'w, d^'w). (4.7) 



Proof. 



= -{d^^ *d^'d''w,*d''w) 

= -{d^^ *d^^ d'^w,-d'^wo j) (4.8) 



w) 



= {d^ *d^ d-"w,Jd'' 

= -{Jd'^^ *d^^ d''w,d''w) 

= -{d^^ *d^^ Jd''w,d''w) (4.9) 

= -{d^^ *d^^d''woj,d''w) (4.10) 

= {d^^ *d^^ *d''w,d''w) (4.11) 

= {d^^ 5^^ d''w,d''w). 

Here for (|4.8p and (|4.1ip . we use = —aoj for any one- form a. For (|4.9p . we use 
the connection is J-linear. □ 

Now we are ready to state the following lemma. 
Lemma 4.7. 
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Proof. Using (j4.7p and LGinina l4~4l wg compute 

= 2{-*d^^ *d^^ d''w,d''w) 

= 2{d^' *d^^ d''w,*d''w) 

= -2S(*d^'d''w, ^d^'w) + 2{*d^^d''w, 5^^ * d^'w) 

= -25{*d^^ d'^w, *d'^w) - 2{*d^'d''w, {*d^\) * d'^w) 

= -25{*d^^ d'^w, *d'^w) + 2{*d^'d''w, *d^' d^w) 

= -25{*d^^ d^'w, ^d^'w) + 2\d^^d''w\^ 

= -25{*d^^ d^'w, ^d^'w) + 2\5^' d''w\'^. 

For the last equality we use 

\d"^'d''w\ = l^^'a'^wl (4.12) 

which comes from the fact that 

S^^d^w = -*d^" *d''w^*d^^d'^woj 
= *d^^ Jd^'w = J *d"^^ d^'w. 

□ 

Now we consider the energy density function for a contact Cauchy-Riemann map 
w defined as 

:= \d^w\'^ = (|7rdw(ei)p + |7rdw(e2)P) 

for a local orthonormal frame {61,62} of TS. This becomes jcJ'^wp for a contact 
Cauchy-Ricmann map w since d'^w ~ d^w + d w. 
We now compute the Hodge Laplacian of e'^, 

2 2 ' ' 

= -I V'^(9'^io)|2 - (tr(V'^)2a'^u., d^'w) 

Using the Weitzenbock formula (|4.2p . we have derived the following general formula 

= -\V''{d''w)\^ + {A'"d''w,d''w) - {K''(dw,dw)d''w,d''w) - R{dw,d''w) 
= -|V''(a''w)p + {A''d''w,d''w) - {K''{dw,dw)d''w,d''w) - Rld^'wl^ 

where the last equality holds since d^w and d^w are orthogonal to each other. 
Finally, applying Lemma 14.71 we have derived the following important formula for 
the Hodge Laplacian A6'^ 
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Theorem 4.8. Let w be a contact Cauchy-Riemann map. Then 

= -|V''(a''w)|2 + {A^'d^'w, d^'w) - {K^idw, dw)d''w, d'^w) - R{dw, d^w) 
-~{K''{dw, dw)d'"w, d^'w) ~ (4.13) 

5. W'^'^-COERCIVE ESTIMATES: THE CLOSED CASE 

In this section, we first derive the W^^'^-coercive estimates for the equation (|1.3p 
on the closed Riemann surface E, following the spirit of jOhll Chapter 7], which 
is the contact analog to |Ohll Proposition 7.33]. Then by further taking higher 
derivatives, we derive general W^'^ estimates. 

5.1. M^^'^ estimates. Using the formula of Ae^ , we derive the following W^'^ a 
priori estimates of the map w satisfying (|1.3|) . 

Theorem 5.1. Assume T, is a closed Riemann surface with finite number of marked 
points. Let w :Y, Q be any smooth solution to (|1.3p . Then 

\Vdw\^ < + ljd-w\' + ^C!ljw*X\'\d-w\' 

-2 mini?- / Id^wl"^ (5.1) 

J supp R 

+2max\K-^\ [ {\w*X\^\d''w\^ + \d''w\^) (5.2) 
Jj: 

where Ci is the constant given by 

Ci = ||£xa'^IIco- 

Proof. We start with ^^^^ 

-{K''{dw,dw)d''w,d''w) - Rld^'wl^. 
computed before in Theorem 14.81 We re- write this into 

|V'^(a'^u.)|2 = -lAe'^-25(*d^''a'^w,*a^u;) +2|5'^'a'^w|2 

-{K^idw, dw)d''w, d'^w) ~ R\d''w\'^. (5.3) 
On the other hand, using Garding's identity (|4.ip . we obtain 

\Vw*X\^ = |dw;*A|2 + \5w*X\^ = \dw*X\^ = \\d^w\'^ (5.4) 

for which we use d{w*X o j ) = for the second equality and Proposition 14. II (2) for 
the last. 

By adding up the two, we obtain 

|V'^(a'^w)|2 + |V(u;*A)|2 

-{K''idw,dw)d''w,d''w) - Rld^'wl'^ + ^{d'^wf. (5.5) 
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Substituting tlic formula in Theorem 14.31 we derive 
Finally using (|4.12[) . we obtain 



CI 
4 



(5.6) 



where 

We then note that 



Ci = WCxJWco- 

= \V{d''w) + V{w*\Xx)\^ 
= 2|V(9"w)|2 + 2|V(w*AXa)|' 

= 2|V(9"w)|2 + 2|V(«;*A)p + 2\w*\\^\yXx\^\d^w\^ 
< 2|V(9"w)|2 + 2|V(«;*A)p + ^C^\w*X\^\d''w\^ 

= 2(|v(avop + |vKA)n + ^c!\w*x\^\d^w\^ 



(5.7) 
(5.8) 



where we use Vx>^Xx = and {Xx,VXx) = (and also (VXa, VXa) = 0) for the 
third equality and 

1 



(5.9) 



for the second to the last. And we have the decomposition 

\\/{d^w)\^ = \\/^d^w) + {Xx,\/{d^w))Xx\^ 
= \y^d^w)\' + \{Xxyid-w))\' 
= \y^d^w)f + \{\/d^^Xx,d^w)f 

(5.10) 

for the second equality. Substituting 



< |V"(9"u.)|2 + ici'|a"u;|4 



where we use d w = and {d^iv,Xx 
this into (15.71). we obtain 



\Vdw\^ < 2|V"(a"i(;)|2 + ic2|a"w|4 + 2|V(u;*A)|2 + ic2|^*^|2|^^^|2 
= 2 {\\7^{d^w)\^ + |V(u;*A)|2) + ^C^ld^^w]" + ^C^\w* Xl^ld'^w]^ . 



Now substituting (|5.5p and (|5.6p into this, we derive 

iVdwp < -Ae'' -AS{*d^"d'^w,*d'^w) 

-2{K''{dw,dw)d'^w,d''w) - 2i?|a''w|^ 

(5.11) 

Integrating (j5.1ip over S, we have finished the proof of Theorem 15. II □ 



20 



YONG-GEUN OH, RUI WANG 



An immediate corollary of this theorem, when combined with the standard 
Holder's inequality and interpolation inequality between L^-norms. is the following 
M^^'^-coercive estimates 



Corollary 5.2. Let S and w be as above. Suppose w satisfies (|1.3p on E and 

\dw\ e L^nL'* on S. Then there exist uniform constants C3, C4 depending only on 
j|/i'^||c'o, ||i?j|po and WCxxJWc independent of w such that 

Wdwfw^a <C:i\\dw\\\,+C4dw\\l,. 

The last statement follows from the standard bootstraping argument by differ- 
entiating the equation (|1.3|) . 

We also need to have the following local version of the main estimates which is 
an important ingredient for the local regularity and the bubbling-off analysis. 

Theorem 5.3. Let D = D^{1) he the unit disc. There exists C5, Ce > depending 

only on D' d D d D and on \\K^\\co, ||£xa'^IIc'' '"^'^ II-K||cO:D independent of 
w such that 

\\dw\\l,^j,, < C,\\dM\iD + Ce\\dw\\lj, 
for any smooth map w : D ^ Q satisfying 

d^w~0, d{w*Xoj)=0. 

Proof. The proof is a standard practice in geometric analysis by multiplying a cut- 
off function p to dw such that p = 1 on D' while p = outside C S. We refer to 
|SU| for details in the context of harmonic maps and omit the details. □ 

5.2. W''''^ estimates for fc > 3. Starting from the above W^^'^-estimate, we pro- 
ceed the higher W^*'''^-estimate inductively. For this purpose, consider the decom- 
position 

dw = d'^w + w*XXx 

and estimate \V''^^d^'w\ and |V'^(w*AXa)| inductively by alternatively bootstrap- 
ping staring from fc = as for the case of |V(iu;| in the previous subsection. 
We start with estimating 

similarly as for ^Ae'^ = iAjd'^wp. Rewriting this and then combining the Weitzenbock 
formula applied to {W^)''d'^w, we obtain 

|y^(^y^)fc^^^)|2 ^ -^A\{V'')''d'^w\'^ + {A'^iiV'')''d'^w),{y'')''d-^w) 

-{K''{dw,dw){V''fd'w,{V''fd'w) 
-{R{V^fd^w,{V^fd''w). (5.12) 

Therefore we have derived 

\V''{{V''fd'w)\'^ = j {A-^{{V''fd^w),{V''fd''w) 

{K''{dw, dw){\/''fd'^w, {^/''fd'^w) 

{R{V''fd''w,{V''fd^w). 
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Obviously the last two terms are bounded by the norm Hduilj^j- It remains to 
examine the integral 



Recahing A'' = d^'j^' + 5'^" d^' , we rewrite 



On the other hand, we compute 

d^"((V")^d"u;)). (5.13) 
For this purpose, we quote the following lemma 
Lemma 5.4. For any ^.-valued one-form a, 

d^'iV'a) =V''{d^'a) + w*K''a (5.14) 

or equivalently 

d^\vA a ^ w* K'^ a (5.15) 

for the commuator [•, •]. 

Applying this to d'^ {{y^Yd^w)) iteratively, we derive 

|d^"((V")'=d"?i;))|2 < |(V")'=(d^"d"w)|2 + Gfc(|d"u;|,|u;*A|) (5.16) 

where Gk is a polynomial function of |d'^w|, |w*A| and their covariant derivatives 
upto order k. And applying the fundamental equation (|4.6p to d^w, the term 
itself has the bound 

\{V-)\d''^d^w)\^ <Hk{\d^w\,\w*\\) 

for a polynomial function of the form Gk- 
Similarly, we obtain 

\5^\{^-fd-'w))\^<h{\d-w\,\w*X\) 

for similar polynomial function Ik since \5^'' {{V^Yd'^w))\^ = \d^^ {{V^)'^d'"w))\^ . 
We now summarize the above computations into 

Proposition 5.5. Let w -.Y, ^ Q satisfy d^w ~ 0, d{w*X o j) = 0, on E. Then 
if\d'^w\ e L^nL-^ on ±, 

\{Vn''+\d^w)f < f Mld^'wl \w*X\) (5.17) 

for a polynomial function Jk of \d'^w\^ l^*-^! covariant derivatives up to . . . ,k 
of degree at most 2k + 4. 



Next we compute 

k+l 



1=1 ^ ^ 

Here we recall the formula VXa in (|5.9p . Therefore it follows that 
fc+i 

^V'(w*A)V^+i-'Aa 
1=1 



<Lk{\d^w\,\w*X\) 
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for a polynomial function Lk similar to Jfe. We write 
|V^+iKA)p = |V(V^(w*A))p 

= -iA|V^KA))p + (V*V((V'=(w*A)), V'=(w*A)). 
Applying the Weitzenbock formula, we obtain 

V*V((V'=(u;*A)) = -A{V''iw*X)) - RV^{w*X). 
Therefore we have obtained 

jV*V((V'=KA)),V'^KA)) 

= - / |d(V^(u.*A))|2 + |,5(v'=(u.*A))|2- f i?|V'=(w*A)|2. 

By applying similar arguments considering the commutators [d, V*^], [S, V'^] and the 
equations d'w*X = ^\d'^w\'^ dA from Proposition l4.1l and Sw*X = 0, we have derived 

Proposition 5.6. Let w : H ^ Q satisfy 'd"w = 0, d{w*X o j) = 0. Then if 

' |V^+iu;*Ap <Lfc(|9^u;|,|u;*A|) 



for a polynomial function Lk of \d'^w\, \w* X\ its covariant derivatives up to 0, . . . ,k 
of degree at most 2fc + 3. 

Now combining Propositions 15. 5[ 15.61 we derive 

Theorem 5.7. Let be a closed Riemann surface. Let w : Y, Q satisfy 

d'^w = 0, d{w*X o j) = 0, on ±. Then if Id^'w] & L^ n L^ and \w*X\ € C° on ±, 

m''^Hdw)\'< I J'k{Wwl\w*X\). (5.18) 



Here J'^j^-y a polynomial function of covariant derivatives of \d'^w\, \w*X\ up to 
0, . . . ,k with degree at most 2fc + 4 whose coefficients are bounded by 

In particular, 

\\dw\\k+i,2 < Ck{\\dw\\L2,\\dw\\L4) (5.19) 
for a similar polynomial function Ck ~ Ck{s, t). 

Proof. It remains to check the second statement, which itself follows expressing the 
bound of 2 inductively staring from fc = 1, i.e., Corollarv 15.21 This finishes 

the proof. □ 

Similar inductive computation also leads to the following local higher regularity. 

Theorem 5.8. Let D = D^{1) be the unit disc. There exists C^-k, C^-k > 

depending only on D' G D G D and on \\K'"\\Qk, \\CxxJ\\c'' C'^d ||^||c'' D 
independent of w such that for any smooth map w : D ^ Q satisfying 

d^w = Q, d{w*Xoj)=0, 

\\dw\\k+l^2;D' < Ck;D,D'{\\dw\\2;D, \\dw\\4.^D) 

for a similar polynomial function Ck-D,D' (s, t) of s, t as Ck above depending also 
on D' D. 
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In particular, any weak solution of (|1.3p in W^'"^ automatically lies in VF^'^ and 
becomes the classical solution to (|1.3p and so becomes smooth. 

6. Asymptotic convergence to Reeb orbits at puncture 

We introduce the relevant energy in the asymptotic study of contact instanton 
map near the punctures of S. 

Let be a compact Riemann surface and let {ri,--- ,rfc} C S be given 

marked points (including fc = 0). Denote by S the associated punctured Riemann 
surface equipped with a Kahler metric h that is cylindrical on disjoint punctured 
discs Di \ {0} near each punctures r^. We fix an associated isothermal coordinates 
Zi = e-^'rlr+it) on each A \ {0} = [0, oo) x S\ 

The following is the relevant off-shell energy that controls the asymptotic behav- 
ior of the map near the punctures. 

Definition 6.1. Let if : S — )- Q be any smooth map and let r be a given puncture 
with isothermal coordinates z centered at r. We define 




We put the following hypotheses in our asymptotic study of the finite energy 
contact instanton maps w: 

Hypothesis 6.2. Let r £ {ri,--- ,rk} be one of the given marked points and 
consider the map w restricted to the associated punctured disc D \ {r}. 

(1) Assume w : [0, +oo) — > Q is a contact instanton map, i.e., satisfies (|1.3|) . 

(2) E(^x,J;D\{0}){w) < oo, 

(3) |Vm;| < C. 

(4) U[o.oo).s^\d^^\'+Is^HOrrX^O. 

The following asymptotic convergence result of the finite energy contact instan- 
ton maps will be the fundamental ingredient for the applications thereof to the 
contact topology. The result essentially relies on our (local) W^'^ a priori estimates 
which was already established in Theorem 15. 8[ and the finiteness of the above in- 
troduced end energy. This is an analog to Theorem 31 jHl| and its proof somewhat 
resembles that of jHl| , |HWZ11 IHWZ2j with the usage of bounded harmonic func- 
tions therein replaced by that of bounded harmonic one-forms. However, we would 
like to emphasize that our proof does not involve symplectization. 

We denote 



w* \ = aidr + a2dt, i.e., ai = 




Then 

w* \ o j = 02 dr — fli dt. 

The equation 

d{w* X o j) = 
from p.3p implies that the divergence 

„ , , dai da2 
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Let w be as in Hypothesis 16.21 Then we can associate two natural asymptotic 
invariants of w defined by 

T := [ \d''w\^+ [ w{0,-)*X=^0 (6.2) 

' dw 



^^^ii;(0,-)*Aoj= J^^X^ — (o^t)jdt. (6.3) 
Due to the closedness of w{0, •)*A o j the integral 

w(t, •)*A o j ~ —a 

for all T > 0. We call T the asymptotic contact action and a the asymptotic contact 
charge of the instanton w. 



Theorem 6.3 (Subsequence convergence). Let w be as in Hypothesis \ 6.2[ Then 
for any sequence — >■ oo, there exists a subsequence, still denote by t^, and a 
(nondegenerate) Reeb orbit 7 with period, the action T , and with charge a such that 

lim w{Tk + T,t) ~ ^{ar + T t) 
uniformly on compact set [—K,K] x for any given K >0. 

Proof. For any sequence r^. — > 00, we can always choose a subsequence, still denoted 
by Tfc for fc = 1, 2, • • • , so that 

lim / Id'^wf = 

by Hypothesis (2). We define a sequence of translated maps 

Wk{T,t) = w{t + Tk,t) : [-Tk,oo) X ^ Q 

which gives rise to 

lim / \d''wk\^ = 



k—>-oo 



We also have |Vz«fc| < C from Hypothesis (3) because the translations preserves the 
norm on the cylindrical metric near the puncture, and each Wk satisfies Hypothesis 
(!)• 

Let K > he any given number and consider [—K, K] x and note that 
eventually [—K,K] C [— ^r^jOo). Then the bound \\wk\\w^-^{l-K.K]xS^) < Ck 
follows from compactness of Q and Theorem 15.81 for fc = 1. Using the compactness 
of the embedding W^'"^ ^ on [—K,K] x , we get a subsequence Wk and 
Woo-K ■ [—K,K] X ^ Q such that — )• Woo-k in topology. 

By letting X — > 00 and taking the diagonal sequence argument, we obtain a map 
Woo : M X S*^ — )■ Q such that Wk — >■ Woo in compact topology on R x 5^ — >■ Q. 
We have 

lkoo||ci([-K,K]xSi) < SUp\\Wk\\cm~K,K]xS^) 

which is uniformly bounded in the meaning that the upper bound is independent 
of K. In particular, we get || Vu'oo||c''(KxS1) ^ ^- 
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Furthermore convergence gives that Woo,k ■ [—K, K] ^ Q satisfies 



/ \d^w^,K? = lim / 



'[-K,K]xS^ J[-K,K]xS^ 



k- 



'7r„,, |2 



< hm / \(Fwk 



= (6.4) 

Hence (F'woo = 0. Also since Woo also satisfies Hypothesis (1), we have w^^dX = 
^jd'^WooP dA, which in turn implies 

w*^dX = 0. (6.5) 

The equation (|6.5p indicates that w^A is closed, i.e., d(u>^A) = 0. Hence together 
with 

Swt^X = *d{w*X o j) = 0, 

we derive 

A<A = 0, 

i.e. w%^X is a harmonic one- form on M x 5^ (with respect to the standard flat 
metric). It is also bounded by Hypothesis (2) on M x S"^. Therefore it follows that 

^*oo'^ ° i — 0.2,00 dr — fli^oo dt 

for some constants ai^oo 02,00- By the connectedness of [0, 00) x S^, the image of w is 
contained in a single leaf of the Reeb foliation. Let 7 : M ^ Q be a parameterization 
of the leaf so that 7 — X\{'^). This parameterization is unique modulo a time-shift. 
These imply that 

Wao{T, t) = 7(ai^ooT + 02,00^ + c) 

for a Reeb orbit 7 as a map a priori defined on the universal covering space R x R 
of R X S*^ on the right hand side, where c can be chosen arbitrarily. But from 
10(0, t + 1) = t«(0, t + 1), we also obtain ^{h{t + 1)) = ^{bt) and hence 7 is a closed 
period of period b. 

By the C^-convergence of w{Tk,t) — > Woo{0,t) it follows 

w^{0,-yX = lim / win,-)*X (6.6) 



Woo(0, •)*Aoj = lim / w{Tk,-)*Xo j = -a. (6.7) 

From (|6J| . W6 llclVG shown Cii.oo 

For dnH), the identity ijd'^wp dA = d{w* X) 

and Stokes' formula provides 

[ w{Tk,r^^ f w{o,rx+f d{w*x)^ f w{o,rx+l- f \d^w\^. 
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Then using finiteness hypothesis of the integral /jp ^^^gi \d'^w\'^ < oo and Fatou's 
lemma, we derive 



0-2., 




2 



JS^ ^ JIO,oo)xSi 



/[0,oo)xSi 

Therefore WoolO, •) is a Rceb orbit of period T 7^ with its charge a. □ 

By specializing to the case a = 0, we have derived the following 

Corollary 6.4. Let w be as in Hypothesis 1 6. '2\ and assume a = under the non- 
degneracy hypothesis on the relevant Reeb orbit. Then for any sequence — > 00, 
there exists a subsequence, still denote by t^, and a (nondegenerate) Reeb orbit 7 
with period, the action T such that 

lim w(Tfc + T, •) = 7(t) 

k^oo 

uniformly on compact set [—K, K] x for any given K > 0. 

In section lll[ we will improve this subsequence convergence result to the full 
exponential convergence result for the case a = 0. We hope to come back to the 
corresponding convergence result for a ^ elsewhere. 

Remark 6.5. This corollary includes Hofer's subsequence convergence result in 
the standard case of sympletization of contact manifold in |Hlj . It also covers the 
case of Hofer's generalized equation 

\w AO J ^ da + ^ 

introduced in jH2| in which 7 is a smooth harmonic one-form on the closed Riemann 
surface S pulled back to S via the natural inclusion map S ^ E: This is because 
by definition, the charge vanishes, i.e., we have 



w*\oj= / da + 7 

: J a 

for any local loop a around the given puncture. 



7. Fundamental equation in cylindrical coordinates 

Consider the punctured Riemann surface and fix a puncture. Equip a 

punctured neighborhood thereof with a cylindrical metric and let (r, t) be the as- 
sociated isothermal coordinates. We recall the decomposition of the w*TQ-valvLed 
one- form dw on S, 

dw = d^w + w* XXx 
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associated the splitting TQ = M.{X\} ® ^ and the vector bundle connection of 
^ — > Q is defined by 

V^Z:=7r(Vx^) (7.1) 
for any vector fields Z tangent to ^ and X on Q. Denote 

dw dw 

w* X o j ^ a2 dr ~ ai dt, (7-2) 

then wc have 

d'^w ^ d^'w ^ Cdr + 'ndt, 

and 

da2 dai 

V • w A = — - + — — = 0. (7.3) 

Ot OT 

from (|0)) . 

We apply (|4.6p to the pair (^, ^). Then the left hand side becomes 

while the right hand side becomes 

1 , / dw\ , „ ^, , 1 , / dw\ , „ ^ 
-2^^) (^-^^)^-2H^) ^'^"^^^''^ 

= -^ai(^-yA>^)C- ^a2(/;xA^)JC, 

where we use (|7.2p to get the second line. This immediately gives rise to the 
following form of fundamental equation in cylindrical coordinates, which is nothing 
but the linearization of 9 w = in the direction of ^ = t^^- 

Proposition 7.1 (Fundamental equation in cylindrical coordinates). Let C, = 
as a section of ^ ^ Q. Then 

V;C + J^K - la2{Cx,J)C + la,{Cx,J)JC = 0. (7.4) 
Now we define an M-family of operators 

with Wt being the loop defined by Writ) :~ w{T,t) defined by 

AAY) = JV^Y - ^a2iCx,J)Y + ^a,{Cx,J)JY (7.5) 

for Y € C°°(w*^). This family of operators will enter in the study of perturbation 
results of the eigenvalues of the asymptotic operators at z which is the linearization 
operator 

dT^T.^) ■■ C^{z*0 -> C°°(z*C); Y^^- TDX^zKY) 

of the map Tj^rp derived in Section [3] along the limit orbit z. Here z is determined 
by 

z[t) = lim w(t, t). 
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By identifying C°°{z*£^) with C°° {S-^ ,w*£^) by suitable parallel transport for sufR- 
cienlty large r, it follows that the operator Ar converges to dT(^x,T) as r — ^ oo. We 
refer readers to the next section for the precise meaning of this convergence. 

When A is nondegenerate and w* Xo j is exact, we will see that oi — > uniformly. 
However when w* Xo j ^ 0, ai will converge to the constant determined by 

/ •))*Aoj 

which does not depend on t by the closedness condition d{w*X o j) = 0. 

8. W^''''^-COERCIVE ESTIMATES: THE PUNCTURED CASE 

In this section, we we derive the W'^'^ estimates on punctured Riemann surfaces 
E equipped with cylindrical metric near the punctures. 
We recall 

iVdwp < -Ae'^ -AS{*d^'d''w,*d''w) 

-2{K''{dw,dw)d''w,d''w) ~ 2R\d''w\'^ 

+ liC! + lWw\^+'^C!\w*X\'\d-w\'. 

from (|5.1ip . Unlike the close case, the first two terms of the right hand side will 
give rise to some 'asymptotic boundary terms' after integration by parts. Therefore 
we need to impose some asymptotic boundary condition at the punctures. 
For this purpose, we re-write the two terms as 

-Ae^'dA = d{*de'') (8.1) 

-6{*d^^d''w,*d''w)dA = d{*d^^ d''w,*d''w). (8.2) 

We denote by J^{p) the Riemann surface obtained by excising the discs \z\ < p 
aroimd the punctures for the given analytic coordinates z = e^^'^('^+**) centered at 
the punctures where (r, t) is the corresponding cylindrical coordinates. Then we 
have its boundary 

k 

d^p) = U ^^^(^) (8.3) 

1=1 

where dg'E{p) is the component of E(p) associated to the £-th puncture equipped 
with the boundary orientation of E(p). In terms of the cylindrical coordinates (r, t), 
corresponds to the outward normal vector of 9S(p). 
By Stokes' formula, we obtain 
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For the term —S{*dy d'^w, *d'^w) dA, we need some digression. In cylindrical coor- 
dinates (t, t) (or in any isothermal coordinates on S), we recall d'^w = Cdr + rjdt. 
where 

A straightforward calculation leads to the following general formulae. 
Lemma 8.1. Let w be any smooth map. Then 

In particular when w satisfies d w = 0, we have rj ~ JC, and so 

d'^w ^ (dr + JCdt, *d''w = -JC,dT + Qdt. (8.5) 

Then 

^d^^d^w = d^^d-w (J-, ^) = j(vx + Jvrc) = JDC 

where we define 

Then we obtain 

-6{*d'^'d''w,*d''w)dA = [ d* {*d^' d''w,*d''w) 



[ *{*d^'d''w,*d''w)dt 

E/ HJDc,i^JCdT~cdt)) 



Using the fundamental equation in the cylindrical coordinate derived in Proposition 
17. li we obtain 

DC=]^a2{CxJ)C'\ai{CxJ)JC (8.6) 

and hence 

/ ~{DC,<:)dt=[ (Ui{Cx,J)JC-la2{Cx,JCx) dt. (8.7) 

JdtT.{p) Jde.T.{p) \^ ^ / 

Motivated by these explicit formulae, we introduce the following function 



f{r) = \ I e^T,t)dt= f \C\HT,t)dt 



2 



which will be also important for the later study of exponential convergence in part 
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We then obtain 

k 

C^i(l|ai||co + l|a2||co)E / ICI'rf* 

k 

2Ci\\w*X\\coJ2Mr) (8.9) 

£=1 

from (|8.4p and (|8.7p respectively, where Ci = ||£xa'^IIc"i ^-nd /f is the L^-integral 
function / above defined on the puncture disc around ri. 

Tlic following is the W^'^ a priori estimates on the punctured case which is the 
counterpart of Theorem 11.61 of the closed case. The proof is the same as that of 
Theorem 11.61 incorporating the asymptotic boundary condition. 

Theorem 8.2. Let be a closed Riemann surface with a finite number of 

marked points {ri, • • • ,rk}. Denote by T, the associated punctured Riemann surface 
with a Kdhler metric h on (S, j) which is cylindrical near the puncture. Let fi be 
the function defined as above associated to the £-th puncture ri. Suppose w satisfies 
on t and {d^'wl L"^ r\ L^ and \w*\\ e C° on t 

lim ai = a, lim 02 = T 

r— foo T— >oo 

lim /,(t) = 0, lim /;(r) = (8.10) 

T—>-oo r— >-oo 

fo7^ all i ^ 1^ ■ ■ ■ , A;. Then 

^ \Vdw\' < ^{C, + l)\\d-w\\l. - 2mini?||a-u;|ii.,,pp^ + lc',\\^v* \\\U\d''M\ 

+2max|A'"| (||u;*A||^„||a"u.||2, + Wd^'wWl,) . 

Here K'" is the curvature of , R the Gaussian curvature of the metric h on Ti 
and 

C\ = ||£a-a>^IIco. 

We would like to remark that the asymptotic boundary conditions imposed in 
this theorem will be automatically satisfied under the HvDothesis 16.21 together with 
nondegeneracy of the asymptotic Reeb orbits obtained from subsequence conver- 
gence theorem, Theorem 16.31 These will be established in part [2l 

An immediate corollary of this theorem, when combined with the standard 
Holder's inequality, is the following VF^'^-coercive estimates 

Corollary 8.3. Let S and w be as above. Suppose w satisfies (jl.3p on S and 

\d'^w\ € n L"* and \w* X\ € C" on E and assume (|8.10p . Then there exists 
uniform constants C3, C4 depending only on 

WK^Wco, Pllco, \\Cx,J\\co \\w*X\\co 

but independent of w such that 

\\dw\\l,.,<C',\\d-w\\l,+Ci\\d''w\\l.. 

Once we establish the above M^^'^-estimate, the alternating inductive bootstrap- 
ping arguments will establish the foUowng higher M^'^'^-estimate. 



/ -Ae^'dA = 

[ KDCOldt < 
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Theorem 8.4. Let be a closed Riemann surface. Let w : Y, ^ Q satisfy 

d^w = 0, d{w*\ o j) = 0, on t and Then if {d^'wl € L'^ L'^ and 

\w*X\ e C° on ±, 

|j(Vf+i(du;)p< l^4i\d-wl\w*\\). (8.11) 

Here J'j^_^_i a polynomial function of covariant derivatives of \d'^w\, \w*X\ up to 
0, . . . ,k with degree at most 2k + A whose coefficients are bounded by 

ll^llc^suppi?, Il'f'^''llc'=i \\^XxJ\\c>'- 

In particular, 

\\dw\\k+i,2 < Ck{\\dw\\L2,\\dw\\L.) (8.12) 
for a similar polynomial function Ck ~ Ck{s, t). 

Remark 8.5. Wc would like to note that the starting from the asymptotic decay 
condition (??) of L^-integral of e'^ over S"^, we also need to inductively establish the 
corresponding decay for W'^'^-integral of over itself as a part of component 
in the alternating bootstrapping process. In summary, on the punctured Riemann 
surface S, the proofs of the above VF'^'^-estimates and of the exponential estimates 
should be performed together simultaneously in the alternating bootstrapping pro- 
cess performed in here and in part 

9. Appendix: Wedge product of vector-valued forms 

In this section, we briefly recall the definition of wedge product of vector bundle- 
valued forms and give the proof of two lemmas whose proofs are postponed. 

We first recall the i5-valued differential fe-form a for a vector bundle iJ — )- M in 
general. 

Definition 9.1. Let E M be a vector bundle. A i?- valued A:-form is a section 
of the bundle A'^{M) ® E. We denote by fl'^^E) the set of valued /c-forms. 

We will need to consider only the cases of zero, one and two forms and so restrict 
our discussion to those cases from now on. 

Now suppose that E carries an inner product. Let a and /3 be i?- valued 0-from 
and 1-form respectively. Then we define the inner product operation 

to be the one characterized by the equation 

(a,/3)(A) = (a,/3(A)) (9.1) 

for any vector field X on M. Here we note that both a and (3{X) are sections of 
E and so the inner product is well-defined. 

We now specialize to the case of M = E with (S, j) being a Riemann surface and 
let h be an associated Kahler metric thereof. We denote by \/^'~^ its Levi-Civita 
connection. We also assume that E carries a connection V preserving the inner 
product on E. We define the wedge product, denoted by uji A of two i?- valued 
one- forms wi and u}2- This is characterized by the equation 

ujiALJ2iX,Y) = (wi(A),W2(n) - (w2(A),wi(y)) (9.2) 

for any two vector fields X, Y on M. 
We restate Lemma here. 



32 



YONG-GEUN OH, RUI WANG 



Lemma 9.2. Assume a is a zero form in il'^(w*^) and j3 is a one-form in D}{w*£^). 
(•, •) is the inner production on w*^ introduced from the metric of Q. Then we have 

Proof. We compute 

-S{a, 13) = *d^^ * (a, 13) = *d^^ (a, *l3) 

= *((i^''a A */3) + *(a,d'^'' (*/?)) 

= *{d'^'a,l3)dYo\+{a,*d^\*(3)) 

= {d^'a,l3) - {a,5'^^ P). 

In the third line, we also use the fact that our connection is a Riemannian connection 
and here one should extend the operation A to the vector-forms in the way that 
the product is taking the inner product in the fiber direction and take the wedge 
product on the base. □ 

We now restate Lemma l475l here. 

Lemma 9.3. For any connection V and vector-valued one-form a, 

Proof. Note that the equality is a pointwise equality. Let z e S be a given point. 
We choose an orthonormal local frame {ei, 62} of TE so that 62(2) ~ jz^iiz) 

(Vei)(z) = 0=(Ve2)W. 

If we denote its dual frame by {9^,6^}, then we have 

(V^^l)(^) = O=(V02)(z). 

We express 

for some (locally defined) sections of ^ near z. Then we have 
(Va)(z) = (VC)(z)0i(z) + (V^)(z)(0^)(z). 

Similarly we obtain 

(V,(.)«)(z) = (V,(.)C)(^)(^')(^) + (y,^.^ri){z)0\z) 
First we compute 

d^a = (Veir;- Ve^Ofi*^ A6|2 

Therefore we obtain 

\d^a\' + \S^a\' = |Ve,ry|2 + |Ve,CI' + |Ve,CP + |V,,r/|2 

+ 2((Ve,C,Ve,77>-(Vei77,Ve,0) 

= |Va|2 + 2((Ve,C,Ve,r/)-(Ve,77,Ve,C))- 

It remains to prove 

* (Va A Vj(.)a) = 2{{\/ ,,Cy e,v) - (Ve^r?, Ve,C))- (9.3) 
Taking the wedge product, we get the equality 

VaA Vj(.)a = {VC^ j(.)V)d^ /\ 0^ - (Vj(.)C, V7?)6'i A 9^ 
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at z. Therefore 

*(VaA V,(.)a) = (VC,Vj(.)'7) - (V.c.jCVt?) 

at z. But we evaluate 

(VC, V,(.)ry) = (Ve,C, Ve.r?) - (Ve,C, V^.r;) 

at z. Similarly we obtain the equality 

(Vj(.)C, Vr;) = (Ve,C, Ve^ry) - (Ve^C, Ve.r;) 

at z. Subtracting the latter from the first, we obtain 

*(VaAVj(.)a) -2(V,,CVe,r?) -2(Ve,C,Veiry) 

at z. Since the right hand side does not depend on 

Since z is arbitrary, we have finished the proof of (|9.3I) . This finishes the proof. 

□ 

Part 2. C°° exponential estimates on cylindrical ends 

In this part, we illustrate usefulness of the usage of this contact triad connection 
V on Q and on the Hermitian vector bundle ^ — > Q in tensorial calculations of 
the sections of ^ in cylindrical coordinates near the given puncture. More specifi- 
cally we use this connection to differentiate ^ = tt (^) and prove the exponential 
convergence property of the contact Cauchy-Riemann map w satisfying 

'Ww = Q, d{w*Xoj) = 

to a Reeb orbit z as r — oo when z is nondegenerate. The convergence is uniform 
when the uniform gradient bound 

\\/w\ < C 

is assumed, which will be always achieved after bubbling-off analysis which is by 
now standard. Of course, this derivation covers the exact case, i.e, the case of 
pseudoholomorphic maps (a, w) : S — > R x Q, for which w* Xo j = da. 

Some comparison between our proof of exponential convergence and that of 
Hofer-Wysocki-Zehnder [HWZll IHWZ2| may be useful. 

First of all, our proof covers the more general case with the equation w*Xoj = da 
replaced by the closed condition d{w* X o j) = 0. By doing so, we can completely 
get rid of symplectization picture out of our derivation. 

In the case of |HWZ11 IHWZ2| , the authors used a normal form theorem of the 
neighborhood of a nondegenerate Reeb orbit and then represent the map w in 
some special coordinate as w = (a, it) € S*^ x (in 3 dimension) and transfer 
J and others to x R^. They first study the -exponential decay of the loops 
t I— >■ u{T,t) as T — > oo. Because of the complication of the push-forward J in 
coordinate representation, the computations involved are quite messy and requires 
some ingenuity in their logical arguments. 

On the other hand, we directly study the derivative dw as a vector valued one- 
form on M X S*^ by exploiting the presence of splitting TQ ~ M.{X\} ® ^ and so 

dw = d'^w + w*XXx. 

In cylindrical coordinates, we have 

d^w ~ ( dr + dt, w* X o j = a2 dr — ai dt 
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where we denote 



dw dw ( dw\ ( dw 



As sections on the circle S^, we have 

dw dw , . 

or OT 
dw dw 

We first perform the tcnsorial calculation of C = 

7r|^ as a section of w(t, •)*^ 
in terms of the contact Hermitian connection (and the canonical contact con- 
nection V on Q). As a consequence, after this step, we obtain a stronger W^-"^- 
exponential estimate for rather than just . (By the way, this C, roughly cor- 
responds to the first derivative of the map u appearing in |HWZH IHWZ2j .) Once 
we have proved this W^'^-exponential estimate, the C°-convergence of the map w 
to z and standard bootstrapping argument via the elliptic estimates immediately 
give rise to the exponential convergence in all higher orders. 

Besides the above mentioned methodological differences, one major concep- 
tual difference between our proof of exponential convergence and that of 
[HWZlj IHWZ2j is that our proof is based on the purely inductive bootstrapping 
arguments, while the latter needed to use C°° asymptotic decay (or more precisely 
asymptotic decay) even for the proof of C^-exponential convergence. Our proof 
has been possible because of the usage of contact triad connection and the associ- 
ated fundamental equation which precisely reflects the geometry behind the contact 
Cauchy-Riemann map so that they interact nicely to reveal such an inductive boot- 
strapping procedure. In that regard, we have been particularly keen to make sure 
that the final C^-exponential estimate and its proof does not depend on the esti- 
mates of the second (or higher) derivatives of the contact Cauchy-Riemann map 
w (or the function a associated to the pscudoholomorphic map (a, w) in the sym- 
plcctization.) It turns out that this task involves highly non-trivial combinatorics 
of tensor calculations and depends on our choice of special connections and precise 
tensorial computations although the calculations themselves are quite pedestrian. 
It will be clear from the way how the needed estimates are carried out that without 
the usage of these special connections the current inductive alternating bootstrap- 
ping exponential estimates would not have been possible. 

In this part, we add the following additional nondegeneracy hypothesis of the 
relevant Reeb orbits. 

Hypothesis 9.4 (Nondegeneracy). Assume that the T-pcriodic orbit in Hypothesis 
16.21 is nondegnerate: li z = j{T-) for a nondegenerate T-periodic Reeb orbit 7 on 
Q, we denote the S'^-family of rotations of the loop z : ^ Q hy 

Z = {zee C\S\Q) I zg{t) z(t ~ 0), e S^}. 

10. Asymptotic perturbation results of eigenvalues 
We recall from Section [3] that the linearization operator of the Reeb orbit z 

A, : W'''{z*0 ^ L\z*0, 
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has the form 

AM = Jd{TT)M = J^-TJDXx{v) 

at 

Nondegeneracy hypothesis of z imphes ker Az = {0} and then since the Fredhohn 
index of Az is zero its cokernel is also trivial We note that the operator : — > 
is a self-adjoint unbounded operator and so has real eigenvalues. It follows from 
the open mapping theorem that there exists S = S{z) > such that 

WAzvWl-- > 5\\v\\l^ 

for all 7] e W^''^{S^ , z*£,). Since the rotation Rg : z zg induces an isometry 
between the relevant Sobolev spaces of W^'^, associated to z and zg, we have 
derived the following lemma 

Lemma 10.1. There exists Ai > such that for any z ^ Z , 

\\AzVi\\L->\i\HW (10.2) 

for all ry e W^-'^{z*£,). 

We will also need the following technical lemma. (We need only the version with 
p^i,2 replaced by in this lemma but would like to give this stronger version since 
the proofs will not make much difference.) 

Lemma 10.2. Consider the exponential map 

^z ■■ W^-^{z*TQ) W^'^{S\Q) 

defined by exp^(u)(t) = exp^^jj (w(t)) for v G W^'^{z*TQ) and define the parame- 
terized map 

Spz : U W^'\z*TQ) ^ W^'^{S\Q) 
zez 

by exp2(^,i') = cxp^{v). For any given e > 0, consider the image 
N,{Z) y ^,iW'^^z,e)) C W''\S\Q) 



whe 



W''^iz,e) = {ve W'^\z*TQ) \ \\v\\,^2 < e}. 
Then the image is compact in -topology with < 5 < i. 

Proof. This is an immediate consequence of compactness of Z and the compactness 
of the embedding W^-^{S\Q) ^ C^{S\Q). □ 

Using this lemma and Theorem 16.31 and Hypothesis 16.21 (4) , we now prove 

Proposition 10.3. Assume the contact charge vanishes, i.e., a ~ 0. Let Xi > be 

the constant given in Lemma \l0.1\ Consider the completion of the operator (j7.5p 

Ar:W'^\w{r,rO^L\w{T,-rO- 
Then there exists some ri G M such that for all t > ti, 

||A.(r;)|U2 > ^AihlU. (10.3) 

for all 7] e W^'^{w{t,-)*^). 
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Proof. First of all, Hypothesis 16.21 and Theorem 16 .31 imply that for any given e > 0, 
there exists some ri > such that 

w{T,-)eN,{Z) (10.4) 

for all T > n . 

Again by Hypothesis 16.21 and Theorem 16.31 it follows that the union 

{u;(T,-)}r>ri UZ 

is a (fiberwise) closed bounded subset of Ne{Z) C W'^''^{S^ ,Q). Therefore it is 
compact in C"^-topology. Now for each giyen r, we consider Zr ^ Z that is the 
shortest distance point of Z from ui(r, •), i.e., 

dc'{w{T, •), z) = dc'{w{T, ■),Z) = inmdc^{w{T, •), z). 

Such Zr exists by the compactness of the subset Z C C'^. There could be more 
than one such Zt but any one choice will do our purpose. We denote by H = H™/^''-* 
the parallel transport map of the vector bundle £, with respect to from Zr to 
w{t, •) along the short geodesic between Zr{t) and u>(r, t) at each t G S^. Then we 
consider the operator 

n-^Arii : w'-Hz;o ^ w'-Hz;o 

The following lemma is the key ingredient in our optimal exponential decay 
estimate under the main hypothesis put in this beginning of the section, but without 
assuming any assumption on the higher derivatives of w. (The latter will be an 
automatic consequence by our bootstrap arguments.) 

Lemma 10.4. There exists some T2 such that for all t > T2 

|(H-iA.H-A,j77|<iAih| 

for any rj G C^{z*S,). 
Proof. We recall 

Ar = JVf + B 

where B is the zero-order operator on u;(r, •)*^ by 

Bf^ = -^a2iCx,J)v +la,iCx,J)Jv (10.5) 

for 77 G w(t, ■)*£,. Then using the J-linearity of the Hermitian connection V^, we 
compute 

(H-M^H)77 = n-\j\7^ + B){n'i]) 

= jn-iV^H?/) +n-iSH(r/). (10.6) 
Now for given t, we consider the map 

r(s,t)=exp,^(,)(si?(z,(t),«;(r,0)) 

where we recall the definition E{x, y) = cxp^T^ y. Then by definition of the parallel 
transport, we have 

n77(<) = s(i,t) 

where S = S(s, t) is the solution to the ordinary differential equation 

V:S-0, S(0,t) = r7(t) 
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which defines tlie parallel transport of ?/(<) along the geodesic 
s 1^ T{s,t) := exp^^(^f^{sE{zr{t),w{T,t))). 

Now we write 

"1 d 



(10.7) 



where is the parallel transport from Zr to exp^^ (si?(zT-, w(r, •))). Then we 
compute 

d 



ds 



(njiv^n.ry)) = n;iv:(vr(n,r;))) 



as ' dt 



But we note 

dr 

— ^ d2exp {sE{Zr,w{T,-))){E{Zr,w{T,-)) 

OS 



dr 

'dt 



DiCXp^^{sE{Zr,w{T,-))) 



dZr 

'dt 



+ d2CXp^^^{sE{Zr,w{T,-))) S 



dE{ Zr,w{T, ■)) 

dt 



The constants C, C appearing in the computations below may vary place by 
place but always depend only on the triad {Q, A, J) and the VF^'^-bound of w. 

Using the equality \E{x,y)\ = d{x,y) when d{x,y) is less than injective radius, 
it follows that 

\d2exp,{sE{Zr,w{T,-mE{ZrMr,-))\ < C\E{Zr,wiT,-))\<C\\d{Zr,w{T,-))\\co 



dz 

Di exp^^ {sE{zr,w{T, •))) ( 



< C 



dZr 



dt 



< CT\\Xx\\co = CT. 



On the other hand, 



Di exp^^ {sE{zr,'w{T, •))) s 



dE {Zr,w{T,-)) 

dt 



( dz div \ 

Di exp^^ {sE{zr,w{T, ■)))s ( Di{E{zr,w{T, ■))-^ + d2{E{zr, w{t, •))-^ j 



It follows from the standard Jacobi field estimate IKal 



D^[E{zrMr. •))^ + d2{E{z,Mr. O)^ 



< C 

< C'T 



dZr 



dt 



dw 



where the second inequality comes since = TX\{z-r) and 
uniformly as r — > oo. In summary, we have derived 



1 I 

I dt I 



dt 



Tlx. 



T 



dT 



ds 



<C\\d{Zr,w{T,-))\\co, 



dV 



dt 



< C'T. 



Therefore we have established 
dT dT 



<CC'T\\dizr,wiT,-mco\v\- 
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We also recall ||d(zr, u)(t, •))||c'o < C ||(i(zr, w(r, •))||vi/i,2. Substituting these into 
(|10.7p , there exists some ti such that for all r > ti , we obtain 



|n-M(nr;)-vi^r;|<i| 



Substituting this into (|10.6|) . we have obtained 

\{U-'ArUrj)-A,^Tj\ < \U-'WU^v)~'^lv\ + \^-'BUirj)-DXx{zr)v\ 

< l\v\ + lM = l\ri\- 

Here we use the convergence BIl{'i'i) — DXx{zr)rj\ = o{T)\ri\ from the expression 
of B (|10.5p and the convergence 

oi — 0, a2 T 

where the first convergence to zero follows from the assumption a = 0. 

This finishes the proof of the lemma. □ 



To prove 



it is enough to prove 



\AM\\l^ > IxiMl^ (10.8 



3 



for ah r] € W^'^{w{t, -y^). We write 

\{Ariv),v)L-A = |(n-iA,nn-i(7y),n-ir,)i2| 

> \{A,^ (U-'rj), n-i7y)i2 1 - I {{U-'ArU - A,^ (n-i^y), 0-1,^)^2 1 

> Xi\\n-'v\\h jAii|n-ir,||i. = ^Aiiin-Mii. = ^x.Ml, 

where we use the fact that 11 is an isometry. This now finishes the proof the 
proposition. □ 

Remark 10.5. The subtlety of the above proof of the lemma (and hence that 
of Proposition 9.5) lies in the fact that we would like to prove the uniform lower 
bound of the eigenvalues of the family A^. for r > T2 for all T2. Because we only 
assume w{t, ■) is VF^'^-close to z^. (even under the C^-closeness hypothesis), it is a 
nontrivial task for the a priori noncompact family of the operators A^ whose domain 
and target, which are W^''^{w{t, ■)*£,) and L'^{w{t, ■)*£,), have uniform bound below 
away from zero. Here enters the compactness of the embedding W^'^ ^ and 
our careful usage of exponential map. 

11. EXPONENTIAL CONVERGENCE OF ^-COMPONENT OF dw 

Under the hypothesis. Hypothesis 19. 4[ in addition to Hypothesis 16.21 we prove 
the following stronger convergence result in this section. 
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Proposition 11.1. Under the Hypothesis \6.2\ and \9.4\ the T-periodic orbit given 
in Theorem \6.3\ satisfies the following additional properties: 

dw 



lim 

r— >-+cxD 

lim 



dT 

dw 





0, 



lim a2(T, t) 

r — >+oo 



lim ai(T, t) 



lim A 

r — ^+oo 

lim A 



T 



dw 
'dt 
dw 

a = - / MO,rAo.?= / A ( 1^(0,0) dt. 



(11.1) 
(11.2) 
(11.3) 
(11.4) 



uniformly in t, where a is determined by 



Proof. By the closedness of w*Xo it follows 



wiT,-rxoj^ / w{o,r^°.] 



for all T > 0. In addition, by recalling from (|6.7p . we have derived 



By the C^-convergence of w{Tk, ■) — ?> t«oo(0, ■), it follows 



Woo(0, -yX o j — adr 



a dt 



We also have 

wl^X o j ^ T dr — adt, w^^X ~ T dt + adr. (H-S) 

Next, we derive the derivative convergence. From the subsequence convergence 
proved above, it follows that for any sequence +00, there exists a subsequence, 
still denoted by Tk, such that limfc_>+oo w{Tk ,■) = zg{-) in topology on under 
Hypothesis (4) (The argument is exactly the same |HWZ11 IHWZ21 Proposition 
2.1], so we omit the details), where zg E Z is some rotation of z whose associated 
rotation constant 9 may depend on the choice of subsequence. Hence 

W(rfc, •) Zg, 

in C^{S^), where zg G Z. Then we get 



lim 



dw . , 



lim X[%\^T. 
\ at 



(11.6) 



(11.7) 



Notice here, the period T does not depend on the choice of subsequence but deter- 
mined by w. 

Now if there exists some sequence such that |7r^| doesn't converge to zero, we 
can assume it has a subsequence converging to some non-zero constant. That is 
because we assume finite gradient bound in Hypothesis (2). Then, we can pick 
a subsequence again to make it converge to a Rceb orbit and the contradiction 
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appears. Similarly, we can do the same argument to X{^){Tk,t), and thus (|11.3p 
follows. 

From the Hypothesis (1), both 

lim TT— — = 0, lim a2 ~ T 
immediately follow. We only need to show 



lim ai = a. 



(11. 



Assume this fails to hold, i.e., there exists some e > and a sequence {Tk,tk) with 
Tfe — ^ oo, such that 

|ai(Tfe, ■) - a\> e. 
Then we look at the translated sequence 

again, and we get Woo in the same way. From (jll.Sp . It follows that 







w* A 



= lim 



d_ 
dr 



= lim |ai(Tfc, •) - a| > e, 

k^oc 



which gives contradiction and we are done with the proof. 



□ 



Now let (r, t) be the coordinates of the given cylindrical metric near a given 
(positive) puncture of the Riemann surface (S, j). From now on in the rest of the 
paper, we will restrict ourselves to the case of vanishing charge, i.e., we put the 
following hypothesis 

Hypothesis 11.2 (Charge vanishing). We assume the asymptotic charges of w at 
all ends vanish, i.e.. 



= lim 



9fE(p) 



w(r,0)*Ao j = 



(11.9) 



for all 



1 , • • • , fc where p = e 



We recall the definition of the function 
1 



f{r) 



Notice here, we have 



e^{T, t)dt, e^'ir, t) = \d'wY = W wY = 2|C(r, t)\ 



si 

We remark that in this formula Ae'^ is the Hodge Laplacian 



9t2 dt^ 

the negative of the classical Laplacian. With this being said, the following is the 
main result in this section. 

Theorem 11.3. Assume Hypotheses \ 6.2l \9.4\ anrf Then there exist some 

constant C > 0, A2 > and tq > such that 



\C{T,t)\^ dt < C e 



-\2T 
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/o?' all T > tq. Here the constant C depends only on the triad (Q,X,J) and the 
-norm of w provided in Hypothesis \6.2[ 

The rest of the section will be occupied by the proof of this theorem by estimating 
of the integral 

- f Ae^'dt. 

For this purpose, we need to analyze the integrands Ae^ in Theorem 14.81 of the 
integral / and give explicit estimate of each term. 
We recall from Theorem 14.81 that for any solution w 

-{K''{dw,dw)d''w,d''w) - Rld^'wl^. (11.10) 

Here the last term drops out on the punctured neighborhood where the flat cylin- 
drical metric is equipped. 

Next, we use Theorem l4.8l to show the exponential decay in cylinder coordinates. 
We recall the operator D and Lemma [8. II 

Then we have 

S^'d^'w = -DC 

^d^'d^'w = JDC. (11-11) 

From the fundamental equation in the cylinder coordinate in Proposition 17. H we 
have the following crucial 'on-shcU' formula 

DC^la,{Cx,J)C-la,{Cx,J)JC (11.12) 

From this expression, we obtain 
Lemma 11.4. 

\DC\<c\c\ 

for some constant C which is independent of C but depends only on the geometry 

of{Q,\J). 

Under the cylindrical coordinates (r, i), we use the following formula for |Va|, 
where a = Qdr + ijdt is a vector valued one-form. This is a vector- valued analog to 
the well-known Garding's equality 

|Vap = \da\^ + \5a\^ 

for ordinary real valued one-forms. We extend the wedge product A to the _B- valued 
one- forms by taking the inner product in the fiber direction of Q}{E) and the wedge 
product on the base S for vector bundle i? E. 

Applying lemma H3] to our case V'^id'^w) and using rj = J( for a contact Cauchy- 
Riemann map, we compute the first two terms in Theorem 14.81 as follows. 

-|V"(a"u;)p+2|,5^'9"u;|2 

= -Id^^d^'w]^ - IS^^d^'w]^ + 4(VX, JV^O + 2|(5^'a'^ix;|2 

= 4(VX,JVrC) (11.13) 

^ 4(v;c,^C-vj:c) 

= -4|VXI'+4(VX,5C). (11.14) 
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Now, we compute the third term in Theorem l48l i.e., 5 {d^" d'^ w , d'^ w) . We recall 
that for any vector valued one-form a, 

5^a^^.d^.a^-^(a(^\]-^(a(^\]. (11.15) 



dr \ \dT J J dt \ \dT 
To apply this to , and a = {*d^ d'^w, *d'^w), we compute 

= (^^d'^^d^'w, {*d''w) (^]) = {*d^'d''w, -JO, 

and 



= (^d^^d'^w, i^d-'w) j ^ = {^d^^d'^w, C). 
Using (|11.15p . we get 

5{*d^' d^'w^^d'^w) = —{^d^^d''w,JO - -g-^{*d^'d''wX)- 

The second term will vanish after we take integral over 5*^ for t parameter, so we 
only need to take care of the first term. By using metric property of and ()ll.lip . 
it can be written as 

|-(*d^'a-«;,JC) = |:(5C,C> = (V^(5C),C> + (5C,V-C). 

Hence together with (|11.13p . Theorem l4.8l can be written as the following expression 
under cylindrical coordinates. 

^Ae- = -4|V^CI' + 2((VK,5C)-(V-(5C),C» 

+2^(*d^"a'^w,C) - {K''(dw,dw)d''w,d''w). (11.16) 
ot 

We calculate the second term by looking at (VJC, ^'0 - (V?(L'C), 0- 
Using (jll.l2p . we compute 

(VX,50 = ^V^C,-i«i(>Cx.J)JC+^a2(£x.J)C 



and 



mnox) = {v^r(^la,iCx,j)c-^a,{Cx.j)Jcyc 

\ {{^lia^CxJ)) JC + 1 {ma^CxJ)) 

{{Cxjmojo ^«2 {{Cxjmoo 
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Subtracting these two terms and noting that CxxJ is symmetric, we get 

(VX,50-(v;(5c),C> 

= \{{Vl{aiCxJ))JQX)-\{ma2CxJ))CX)- (11-17) 

Now we estimate the two terms in (|11.17p . 
For the first term in (|11.17p . we look at 

{{Vl{a2CxJ))L0 = ^((£x.J)C,C>+«2((v-(/:x.J))C,C)- (11.18) 

OT 

The second term of pi.lSp is of o(l)|CP since the operator norm 

dw 



mCxJ)\\ < ||V(£x. J)llco 



dr 



oil), 



(11.19) 



where where we denote by o(l) some function approaches zero in as r — > cx3 and 
II V(£xa^)||co the gradient bound of the vector field Cx^J on Q which is indepen- 
dent of w but given by the geometry of (Q, A, J). 
We note 

' - ^^^^' = 1(^ = 0(1). 



dr dt 
The first term of (|11.18p . 



*dw*X 



(11.20) 



^{{Cx.JKX) 



dai 



d 



d 



(11.21) 



= o(l)|CP + ^(ai iiCx^JXX)) - a,- {{CxJKX) 
Here for the last term (|11.2ip . we have the following lemma. 
Lemma 11.5. 

|((/:x.J)C,C)=o(i)ICP + o(i)|vxp. 

Here 0(1) denotes some bounded functions. 
Proof. We compute 

^^{(Cx.j)cx) = (vr((£x.j)c),c) + ((/:x.j)c,vrc) 

= {{yu^x,J))CX) + {{Cx^JMCO + {{Cx^JKyJO 
= ((vn/:x.J))C,C)+2((£x.J)vK,0 

= mi^x, J))C, + 2 {J{Cx, J)C, DC) - 2 {J{Cx, J)C, VX) 

^ ((vn/:x.J))C,C)+o(i)(|cP + |v:cn. 



While the first term 



mncx.j))co\ 

< ||V(£x.J)|lco ^ 



\e = om\' 



and we are done with the proof. 



□ 
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Thus wc have cstabhshcd that (|11.2ip is of the form 

o(i)|cP + o(i)|vxP + |(«i((/:x.J)C,C». 

For the second term of (jll.lTp . we look at — ((V^(ai£j)f^ J))J^, (). Shuilarly, we 
have 

((-V;(ai£^,J))JC,C) 
= {{Cx^JpCO - «i ((V^(£x, J))JC,C> 

= ^ {iCx,j)JC,o - ai ((v^(/:x, J))JC,C> 

= ^{iCx,J)JCX)+om\' (11.22) 
by the same reason as (|11.19p . 

Remark 11.6. Wc would like to remark that this, or more specifically the second 
equality, is another place where we use the closcdness of w*Aoj, i.e., the 'divergence 
free' condition oi w*X 

dai doa _ 
Ot dt ~ 

in an essential way to perform the integration by parts. 
The first term pi.22p is dealt with similarly as (|11.2ip . 

^{{CxJ)JCX) 

= - (a2 ( {Cx, J) JC, ) - «2 ^ {{Cx. J) JC, C) 

= ^^{a2{{Cxj)jC,c))^T^^{{Cxj)JC,0 - («2 ((/:a-.J)JC,C) 

= |(a2 {iCx,J)JC, C» - r| {{Cx,J)JC + o(l)lCP + o(l)|VXP. 

The reason for the last equality is exactly the same as the way wc deal with (|11.2ip 
using Lemma lll.5[ so we omit the details. 

Above all, we now get the following estimate of energy density under cylinder 
coordinates which is important to get exponential decay of C- 

Theorem 11.7. Let w be a contact instanton map. Then 
^Ae- = -(4-o(l))|VXP+o(l)|CP 

+2^ (*d^'d-w, C) - ^ (ai {{Cx, J)C, C» 

-- (a2 {{Cx>, J) JC, C» + {{Cx, J) JC, . (11.23) 

Notice the last two lines vanish after taking integral over for t. 
Now let (r, t) be the coordinates on the given cylindrical end and recall the 
function / is defined as 

fir) = 11 e-(r, t)dt, e-(r, t) = \d-w\' = 2|C(r, t)\' . 
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Then wc have 



fir) = \[ ^{r,t)dt = 1 / -Ae^r,t)dt. 



Then the above calculation together with Proposition 110.31 leads to the following 
proposition. 

Proposition 11.8. There exist some constant 5 > and tq large such that for any 

T > To, 

f{r)" > Sfir) 

Proof. Wc note 

-VrC = JVt+BiO^AriO 
from the fundamental equation where B is the operator given in (jlO.Sp . On the 
other hand, integrating (|11.23p over S^, we have 



/"(r) = (4-o(l)) / |V.Cr+o(l) / \C\' 
Applying the eigenvalue estimate in Proposition [1031 'v^^ derive 

fir) > 3 J^^ iv.ci^ + o(i) /^^ \c\' > (si^r + /^^ icr 

From here we immediately derive that there exists some tq some S > depending 
only on the first eigenvalue of the linearization operator Az of the asymptotic orbit 
(or on the constant Ai given in Proposition [TUSl such that 

fir) > Sfir) 

for all T > Tg. This finishes the proof. □ 

A well-known standard maximum principle argument and the vanishing /(r) — > 
as T — > oo concludes that /(r) exponentially decays to zero. Hence we have finished 
the proof of Theorem 111.31 

12. Alternating bootstrapping and C°° exponential convergence of 

dw 

Recall the Hermitian connection on the Hermitian bundle — > Q gives a 
Cauchy-Riemann operator D defined by 

V" + JV"(-)°J 
2 2 

which we will apply ^. 

We have the elliptic estimate for the Cauchy-Riemann operator d on any closed 
regions [Iq + IJi - 1] x C [Iq, h] x 

llCllw'=-2([;„_|_ljj_l]xSl) 

< Ck.lo..li ^11 2-^^llw"'-i.2([;o,/i]x5i) + IICIIh"=-i.2([Zo,;i]xS1)^ (12-1) 

where Ck,iQ,ii is some constant depending on fc, Iq and Zi, and fc = 1, 2, • • • . 
We write the fundamental equation (|7.4p into the form of 
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where 

is a Cauchy-Riemann operator, and 
Then the (fT2T1) gives 

IICllw=.2([Zo+i,;i_i]xSi) 
< Ck,la,h (II'S'CI1h"=-i.2([/o,;j]xS1) + II Cll iy'=-i>2([,g_;^] ^^51)) . (12.2) 

Now we proceed with several steps. 

Step 1; k = 1 and for For A: = 1, we estimate the right hand side on the region 
[0, 7] X S"! by 



ll'S'ClU2([o,7]xSi) < II'5'||c"IIC||l2([oj]xS1)- (12-3) 

where 

ll^llco < i(||/:x.J||c" + ll>/|lco||/:x.J||co)l|Vi«||co 

= ^{\\^XxJ\\c°\\'^uj\\c°<oo. 
We phig P^:^ into ([T^ and take k=l. Then we get 

IICIIvyi'2([i gjxsi) < Ci,oj(l + II'S'||co)IICIIl2([0,7]xS1)- 

Considering the translated sequence C o r, we get 

IICllvKi.2([r + l,T+6]xSi) < Ci, 0,7(1 + |1S'||c")I1CI1l2{[t,t+7]xS1): 

for any r € K. Therefore, by considering r > tq in Theorem 1 11. 31 we get 

IICIIwi'2([r + l,r+6]xSi) < C'e^'^^, 

where S' = ■^S and C" is a constant given by the W^'^ bound of Vw and some other 
constants from the geometry of (Q, A, J). They are both independent of r but only 
depend on HViullcn and the contact triad {Q,X,J). To simplify the notation, we 
will always use C and S for such kind of constants in this section. Then we get the 
following proposition. 

Proposition 12.1. There exist some constants C > and tq > such that for 
any r > tq, 

I1CI1wi.2([t,+oo)xS1) < Ce^^'". 

Step 2; for fc = 1 and for ai, a-z'- Next, we use Proposition 112.11 to get the 

exponential decay of X\ part of dw by using the relation *dw* X = 
We define a complex-valued function 

0(T,t) = (a2 

and notice that 9 satisfies the equation 
89 = ^, /i = l-{*dw*X) + -y 



T) - V^ai 



^•o = ^|CP 



-1-0, 



(12.4) 
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2 — \/— l^j the standard Cauchy-Riemann operator for the stan- 



where d — ^ ^ 
dard complex structure \/— 1. 

Notice that from Proposition 112.11 we have already established the W^'^ expo- 
nential decay of ^. This gives rise to the exponential decay of 9 as stated in the 
following proposition. 

Proposition 12.2. There exists some constants C > and 5 > Q, such that 

( \e\'^dt < Ce-*^, 

where |6lp (03 -Tf + aj. 

The remaining section will be occupied by the proof of this proposition. 

We start with the following general lemma which will be used several times for 
bootstrapping in this section. Proposition 112.21 immediately follows by considering 
6 = V and fi ~ W. The proof is standard and is a much easier version of the 
argument used in the previous sections and so omitted. 

Lemma 12.3. Suppose that complex-valued functions 9 and fi satisfy 



ItAlL^S^) + 



dr 



lim 6 



< 



0, 



then 116*11^2(51) < Ce-''-'. 

Remark 12.4. (1) We would like to remark here that the LF'{S^) exponential 
decay of ai actually can be obtained without assuming W^'"^ exponential 
decay of ^, i.e., exponential decay from Theorem 111.31 is enough. 

However, this W^'"^ exponential decay is crucial to get _L^(S'^) exponential 
decay of 02 — T. 

(2) By applying the alternating bootstrapping arguments between w*\ and 
d^w for the higher derivatives used in section [SJ we can inductively obtain 
the bound for \V''dw\ in terms of \{Vfd'^w\ and |V'u;*A| for / < fc - 1. 
Hence in section [131 '^e directly get the exponential decay of |V'"'(iiy| once 
we get the exponential decay of |(V'^)'d'^w| and |V'w*A|. 



-St 



We now apply the standard elliptic bootstrapping and get 

l|6'l|lVi.2([i_6]xSi) < Ci,0,7(||m||l2([oj]xS1) + || 6*11 L2([0,7] x fii) ) < Ce 

Hence by using r translation as above and we get W^''^ exponential decay of 9. 

Also, together with W^'"^ exponential decay of C, and by using Remark [12.41 (2) 
we have now 



lim ||Va2j|co 

V + CJO 



0, 



lim 
lim 

r— >+cjo 



Vflillc-o 



(12.5) 
(12.6) 



Step 3; For k = 2 and for (: We go back to the elliptic estimate for C on the 
regions [2, 5] x C [1, 6] x for fc = 2, and get 
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IICIIw2.2([2,5]xSi) < C2,l,6 (||'S'C||m/1'2([i,6]xS1) + II Cll Wi'2([l,6] x Si)) ■ 

Notice ||S'Cllvi/i-2([i,6]xsi) lif-s the following estimate 

ll'5'CI|vi/i'2([i,6]xSi) < 3||S'||ci||CI|wi-2([l,6]xSi), 

where HiSUci is bounded by the norm of Vw and ai, a2 together with norm 
of VJ and Cx^J on contact manifold Q. p2.5p and (|12.6p guarantee it is bounded. 
Hence similar elliptic bootstrapping argument as for W^''^, we get for W'^''^ norm 

IIClllV2-2([r+2,r+5]xSi) < Ce"''^, 

and further 

IICIIw2.2([r,+oo)xSi) < Ce~^^ 

when T > To, for some constants C and 6 > which are independent of r. 
Step 4; for k = 2 and for C, ai, 02: From the identity *d'w*X = |CP, Lemma 
112.31 already implies that /x has W^''^ exponential decay. 
Now we differentiate equation (|12.4p . and get 

dOr = ^ir (12.7) 
Since has W^''^ exponential decay and from (|12.6p we get 

Um Or = 0, 

we can apply Lemma 112.31 and get exponential decay of 6^ . Then using elliptic 
bootstrapping to (|12.7p . we get W^''^ exponential decay of Br- 
W^''^ exponential decay of 9t follows because 

from (HIH). 

In summary, we now have W'^''^ exponential decay of both 6 and C. By using 
Remark 112.41 (2) again, it indicates 

lim ||V^w||c" = 
lim ||V^a2||c«=0, lim ||V^ai||cn = 0. 

Step 5: Alternating elliptic bootstrap: Now the bound of \/w and the 
bound of V^ai and V^a2 guarantee us to do the above procedure again. For C, we 
will get 

IICIIw3-2([r+3,T+4]xSi) < Ce^^^, 

where C and S > don't depend on r. 

By Sobolev embedding, W^''^{[t + 3, t + 4] x S^) can be compactly embedded to 
C^([r + 3, r + 4] x S^) , thus, we obtain the estimate 

IICIIci([T+3,r+4]xSi) < Ce"*"^. 

Hence, further we get 

IICIIci([r, + oo)xSi) < Ce"*"^ 

for T > To when tq is a large number. 
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Similarly, for 9, we get 

ll^lici([r, + oo)xSi) < Ce~^^. 

By induction of the above bootstrapping method, we get the following theorem for 
this section. 

Theorem 12.5. Under the same hypotheses as in Theorem l 1 1 . 3[ there exist some 
constants C > 0, S > and Tq large such that for any t > Tq, 

(12.8) 

(12.9) 

(12.10) 
(12.11) 

13. C*' EXPONENTIAL CONVERGENCE OF W (AND OF a) 

By recalling the C°° exponential decay of dw from last section, we have the 
following weaker statement of the (over S^) exponential decay of dw for any 
order fc > as r — oo. 

Proposition 13.1. There exist some constants (5 > such that for each k > 0, 
whenever t > tq, 

Ce^^^ (13.1) 

Ce-^\ (13.2) 

and for some universal constant C ~ Ck > depending on k. 

We would like to note that up to now, we have not obtained much about the 
C° asymptotic convergence of w{t,-) yet other than the subsequence asymptotic 
convergence in general given in Theorem 16.31 whose limit may depend on the choice 
of subsequence. Even in the current nondegenerate case, the rotation angle 9 of the 
limit zg may depend on the choice of subsequences. 

In this section, wc finally proceed with the C" exponential convergence of w{t, ■) 
to a Reeb orbit z{-) and also, under further assumption that w*X o j is an exact 
form, i.e., there exists some function a such that w*X o j = da, a{T, •) — > Tt + C 
for some constant C, provided we have subsequence convergence. For this, wc will 
see that the exponential decay of dw itself, i.e., for fc = in ProDOsition ll3.1[ is 
enough to give the full C° convergence of w{t, •) as t — > oo. To be more specific, 
(|13.ip for fc = is enough to give the C° convergence of w to the nondegenerate 
Reeb orbit z(-) which is the main proposition in the first subsection. The inequality 
(fT3:2| for fc = is enough to give the C° convergence of a to a linear function which 
is the main proposition in the second subsection. 



dw 

dw 
'~dt 



\a2-T\ 



C~(Si) 
C~(Si) 



< Ce- 



< Ce- 



< Ce- 

< Ce- 



dw 

'at 



dw 

a7 



- TXx{w) 



dt < 



dt < 
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13.1. C° exponential convergence of the map w. The following is the main 
proposition we prove here. 

Proposition 13.2. Under Hvvothesis \6.S[ \9.4\ and \ll.S[ there exists a unique Reeb 
orbit z with period T > such that 

\\d{wiT,-),z{-))\\co(s^) ^ 0, 

as T — > +00 . 

Proof. We start with claiming that for each t S S^, w{-,t) is a Cauchy sequence. 

If this claim is not true, then there exist some to ^ "5*^ and some constant e > 0, 
sequences {t^}, {pk} such that 

d{w{Tk+p^,to),w{Tk,to)) > e. 

Then from the continuity of w in t, there exists some / > small such that 



d{w{Tk+p^,t),w{Tk,t)) > -, \t-ta\ < I. 



Hence 



d{w{Tk+p^,t),w{Tk,t)) dt 

d{w{Tk+p^,t),w{Tk,t)) dt + 



t~to\<l 



t-to\>l 



diw{Tk+p^,t),w{Tk,t)) dt 



> 



\t-to\<l 

On the other hand, we compute 



d{w{Tk+p^^,t),w{Tk,t)) dt > el. 



diw{Tk+p^,t),w{Tk,t)) dt 



< 



< 



< 



si Jt^ 

Tk 

Tk + p^ 



dw , , 
OS 



dw 



ds 

dw 
ds 



is,t) 



ds dt 
dt ds 



is,t) 



Ce-^' ds 



dt ds 



5 ~ 5 

Hence we can take Tk large and get contradiction. 

Now by using the subsequence convergence from Theorem 16. 3[ we can pick an 
arbitrary subsequence {rfe} and z & Z such that 

w(Tk,t) ^ z{t), fc — > OO 

uniformly in t. Then immediately from the fact that w{-,t) is a Cauchy sequence 
for any t, we get for any t G 5^, 

w{T,t) ^ z{t), T — >■ OO. 
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What left to show is just this convergence is uniform in t, i.e., it is in C°(S'^) sense. 
Assume this is not true. Then there exist some e > and some sequence (Tfc,tfc) 
such that 

d{wiTk,tk),z{tk)) > 2e. 
Since tk G S^, we can further take subsequence, still denote by t^, such that — > 
tg e S^. We can take k large such that d{z{tk), z{tQ)) < ^e. 
We also look at 



d{w{T,tk),w{T,to)) < 



ds < {tk-to)\\Vw\\co, 



and so we can make it less than by taking k large. 
On the other hand, we have 

d{w{Tk,to),z{to)) > d{w{Tk,tk),z{tk)) - d{w{Tk,tk),w{Tk,to)) 

-d{z{tk),z{to)) 

1 1 

> 2e--e--e = e, 

2 2' 

which gives contradiction to the pointwise convergence. 
This finishes the proof. 

□ 

13.2. C" exponential convergence of a in the symplectization case. Finally 
we relate our general study of contact Cauchy-Riemann map to the special exact 
case, i.e. the case of maps (a, w) into the symplectization Rx Q. In this case w = w. 
(Here we follow the notation used by Hofer in |Hlj to denote the M component by 
a, although we have used a to denote the contact charge in the previous sections, 
which should not confuse the readers.) 

In other words, we prove the C° convergence of a, assuming that 

w*Xo j = da. 

In this case, we have 

da da 
OT at 

and the pair (a, w) satisfies the standard pseudoholomorphic curve equation 

d w — w*X o j ~ da. 
Proposition 13.3. There exists some constant Co, such that 

\\a{T,-)-TT-Co\\coisn^O, 

as T — ^ +00 . 

Proof. Define 6(t, t) = a(T, t) — Tt. Then we have 

db 

Tr^02-T ^ 0, 

OT 

db 

as T — > +00 in C^{S^) topology. 

Define a(T) = J^^ b{T,t)dt and 6(t) = b{T,t) — a{T). Then 



1 dr 



< |a2 - T\dt < Ce 

SI 



-St 
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which indicates that air) is a Cauchy sequence. Then there exists some constant 
Co such that air) — >■ Co as r — +00. 

On the other hand, notice here J^i 6(t, t)dt ~ and then for any r, there exists 
some point to G 5*^ such that 6(t, to) = 0. Then for any r, 



|6(T,t)| = |6(r,t)-6(r,to)| < \t - to\ 
and thus 



db 




db 




db 




< 








dt 




dt 




dt 




CO(Si) 




CO(Si) 
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9t 



= llaillccsi) ^ 



l!K-r,-)llc«(si) < 
as T — > +00. Hence 

||a(r, •) - rr - Co||co(Si) < IIK^, ^Wc^is^) + |a(r) - Co| 
as T +00. We are done with the proof. 



□ 



Now the C° exponential decay immediately follows from Theorem 1 1 2 . 5 1 and the 
convergence, Proposition 113.21 and Proposition 113.31 

Theorem 13.4. There exist some constants C > 0, 5 > and tq large such that 
for any t > tq, 

||dHr,.),z(-))|lco(5i) < Ce-'^ 
\\aiT,-)-TT-Co\\coisn < Ce-'^ 
Proof. For any t < t^, similarly as in previous proof. 



d{w{T,t),w{T+,t)) < 



dw 
97 



(s,t) 



ds < %e-'^ 




Take 
get 



-cxD and using the convergence of w part, i.e.. Proposition 1 1 3 . 2l we 

d{w{T,t),z{t))<^e-'^. 



This proves the first inequality. 
Similarly, we have 

|(a(r+,t) - Tr^Co) - (a(T,t) - Tr - Co)| < 



J^^ \a2is,t)-T\ds<je- 



where the last inequality comes from the C° exponential decay of |a2(s, •) — T\ in 
113.31 By taking r+ — > +00, we are done with the proof of the second inequality. □ 
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